
Kusner’s conjecture: Exact values and linear bounds

Hong-Jun Ge∗ Zixiang Xu† Yang Zhou∗

Abstract

In 1983, Kusner conjectured that the largest equilateral set in Rn with metric ℓp has cardinality
n` 1 when 1 ă p ă 8 and 2n when p “ 1. This conjecture was proved only in the isolated cases

p “ 2 and p “ 4, and was disproved when 1 ă p ă 2. The best general upper bound Oppn
2p`2
2p´1 q is

due to the celebrated work of Alon and Pudlák [GAFA, 2003]. Our main contributions include:

(1) We prove Kusner’s conjecture for every dimension n ě 1 when 2 ď p ď 4. More generally, for
every integer k ě 0 and every p P r4k ` 2, 4k ` 4s, every equilateral set in Rn with metric ℓp
has cardinality at most p2k ` 1qn` 1. On the complementary intervals p P p4k, 4k ` 2q with
p ě 1, we obtain the almost linear bound Oppn lognq.

(2) We also consider the analogous problem on the torus Tn, recently initiated by Alon, where the
cyclic distance makes the problem substantially more delicate than in Rn. We prove the almost

linear bound Oppn lognq for 1 ď p ď 2 and Oppn
3
2 ´ 1

p q for every fixed real p ą 2, improving

Alon’s bounds Oppn2` 2
tpu q for all finite p ě 1.

1 Introduction

A subset A of a metric space is called equilateral if all distances between distinct points of A are equal.
Equilateral sets are among the most basic and extensively studied configurations in metric and discrete
geometry. Besides their classical role in Euclidean and normed spaces, they are closely connected to
coding theory, spherical codes, and other problems in algebraic and extremal combinatorics [3, 6, 10,
13, 20]. In this paper, we study the maximum cardinality of an equilateral set in two families of spaces:
the normed spaces pRn, } ¨ }pq and their toroidal metric analogues pTn, dpq.

1.1 Kusner’s conjecture

The study of equilateral sets in normed spaces is a classical topic in discrete geometry and Banach space
theory. For a normed space X, let epXq denote the maximum cardinality of an equilateral set in X. For

1 ď p ă 8, we write ℓnp :“ pRn, } ¨ }pq, where Rn is equipped with the ℓp-norm }x}p :“ p
řn
i“1 |xi|

pq
1{p .

The Euclidean case is completely understood: every equilateral set in pRn, } ¨ }2q has at most n ` 1
points, with equality precisely for the vertex sets of regular simplices. Hence epℓn2 q “ n` 1. For general
ℓp-norms, however, the situation is much more delicate. A theorem of Petty [14] shows that every
equilateral set in an n-dimensional normed space has at most 2n points, with equality only for ℓn8. On
the other hand, for every 1 ă p ă 8, the standard basis vectors together with a suitable multiple of
the all-ones vector form an equilateral set of size n` 1, while in pRn, } ¨ }1q the set t˘ei : i P rnsu is an
equilateral set of size 2n. Thus n` 1 is the natural lower bound for finite p ą 1, and 2n is the natural
lower bound for p “ 1.

In his celebrated list of open problems, Guy recorded the following conjectures of Kusner [9], which
is the most famous question pertaining the above results.
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Conjecture 1.1 (Kusner’s conjecture). epℓn1 q “ 2n and epℓnp q “ n` 1 for all 1 ă p ă 8.

These questions have driven much of the subsequent work on equilateral sets in pRn, }¨}pq. The exact
picture is currently known only in a few cases. The Euclidean case p “ 2 is classical. Swanepoel [18]
proved the quartic case epℓn4 q “ n ` 1 for all n ě 1 via polynomial methods, also see another proof
in [19]. For epℓn1 q, the conjectured value 2n is known only in small dimensions: it holds for n ď 4, with
the cases n “ 3 and n “ 4 established by Bandelt, Chepoi and Laurent [4] and Koolen, Laurent and
Schrijver [12], respectively.

A major turning point was Swanepoel’s discovery that Kusner’s conjecture is false throughout the
whole range 1 ă p ă 2 in sufficiently high dimension [18]. More precisely, for every fixed 1 ă p ă 2,
Swanepoel [18] constructed equilateral sets in pRn, } ¨ }pq of cardinality at least p1 ` εpqn for some
εp ą 0. Thus the difficult part of Kusner’s conjecture is not the sub-Euclidean regime 1 ă p ă 2, which
is now known to be false, but rather the super-Euclidean regime p ą 2.

As for upper bounds, the first nontrivial polynomial estimate goes back to Smyth [16], who proved

epℓnp q ď Cpn
p`1
p´1 for every fixed 1 ă p ă 8, see Smyth’s survey [17]. This was substantially sharpened

by Alon and Pudlák [2], who established epℓnp q ď cpn
2p`2
2p´1 for every fixed p ě 1 together with the

stronger bound epℓnp q ď cpn logn for every odd integer p ě 1. For even integers p, Swanepoel [18]
obtained linear bounds:

epℓnp q ď

$

&

%

`

p
2 ´ 1

˘

¨ n` 1, p ” 0 pmod 4q,

p
2 ¨ n` 1, p ” 2 pmod 4q.

Later, Konyagin [11] gave a different approach which yields epℓnp q ď Cpn logn for all 1 ă p ă 2. This
recovers the best currently known order of magnitude for epℓn1 q and extends the logarithmic bound
from odd integers to the entire sub-Euclidean range. More recently, Chen, Gui, Tang, and Xiong [7]
obtained an improvement in the regime where p is significantly larger than n.

Summarizing the current status, Kusner’s conjecture for 1 ă p ă 8 had previously exhibited a
striking asymmetry. On the one hand, Swanepoel [18] showed that the conjecture fails for every fixed
1 ă p ă 2 in sufficiently high dimension, while the exact simplex bound is known for the isolated cases
p “ 2 and p “ 4. On the other hand, throughout the entire super Euclidean regime p ą 2, apart from
these two exceptional points, essentially no exact general theorem was known. Thus, before the present
work, even the most basic question, whether the equilateral dimension should remain linear in n, was
open for every fixed p ą 2 except those even integers p.

Our main result changes this picture substantially. It shows that for a whole half of the parameters
p ě 2, the cardinality of an equilateral set is always bounded linearly in the dimension.

Theorem 1.2. Let k and n be integers with k ě 0 and n ě 1, and let p P r4k ` 2, 4k ` 4s. If A is an
equilateral set in pRn, } ¨ }pq, then

|A| ď p2k ` 1qn` 1.

Theorem 1.2 has two immediate consequences. First, it gives a linear upper bound for all

p P r2, 4s Y r6, 8s Y r10, 12s Y ¨ ¨ ¨ ,

a set of exponents of density one half in r2,8q. Thus Kusner’s conjecture is confirmed up to a constant
factor on a large subset of the super Euclidean range. Second, in the first interval 2 ď p ď 4, the bound
is exactly n` 1, and hence Kusner’s conjecture holds there for every dimension n. To the best of our
knowledge, this is the first verification of the conjectured simplex bound on a continuum of exponents.

On the complementary intervals p4k, 4k ` 2q, the situation is more delicate. Our method no
longer directly gives a linear bound, but we can still provide an upper bound that is optimal up to a
logarithmic factor. In fact, the argument in this range is not merely a variation of the previous one: it
requires a different idea, together with several additional ingredients and a more refined construction.
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Theorem 1.3. Let k and n be integers with k ě 0 and n ě 1, and let p P p4k, 4k ` 2q with p ě 1. If A
is an equilateral set in pRn, } ¨ }pq, then

|A| ď Cpn log p2nq

for some constant Cp ą 0 depending only on p.

1.2 Largest equilateral sets on the torus

We next turn to the analogous problem on the torus, recently studied by Alon [1]. One motivation for
this toroidal version comes from the work of Bilyk, Nagel, and Ruohoniemi on tensor product energies
on Tn, which arise naturally in discrepancy theory and quasi-Monte Carlo integration [5]. A key role
in their work is played by Latin hypercube configurations with a single distance vector. In finite
dimension, the single-distance-vector property is equivalent to the same point set being equilateral
with respect to toroidal ℓp-metric dp, 1 ď p ď 8. Thus, for a fixed p, the toroidal equilateral problem
can be viewed as a natural relaxation of this more structured setting. Let T :“ R{Z, which we identify
with the interval r0, 1q endowed with the cyclic distance

dTpu, vq :“ mint|u´ v|, 1 ´ |u´ v|u.

For x “ px1, . . . , xnq,y “ py1, . . . , ynq P Tn and 1 ď p ă 8, define

dppx,yq :“

˜

n
ÿ

i“1

dTpxi, yiq
p

¸1{p

“

˜

n
ÿ

i“1

mint|xi ´ yi|, 1 ´ |xi ´ yi|u
p

¸1{p

,

and for p “ 8, define d8px,yq :“ max1ďiďn dTpxi, yiq. Thus pTn, dpq is the n-dimensional torus
equipped with the ℓp-product metric. Similarly, we write eppTnq :“ e

`

pTn, dpq
˘

.
While equilateral sets in normed spaces have been studied for decades, the corresponding problem

on the torus is much more recent. Alon [1] initiated the systematic study of the numbers eppTnq and
proved a general polynomial upper bound together with natural linear lower bounds.

Theorem 1.4 (Alon [1]). For every fixed real p ě 1, there exists a constant cppq ą 0 such that for
every integer n ě 1,

2n ď eppTnq ď cppqn2`2{tpu.

Moreover, if 2n` 1 is a prime, then
eppTnq ě 2n` 1.

In the same work, Alon also determined the exact value in the extremal case p “ 8, proving that
e8pTnq “ 3n. For finite p, however, the correct order of magnitude remained widely open. The lower
bounds above strongly suggest that eppTnq should be linear in n, and Alon explicitly conjectured that
this is indeed the case, in particular that e1pTnq “ Θpnq for all sufficiently large n.

Our next result gives the upper bounds that substantially improve Alon’s general polynomial
estimate for all finite p ě 1.

Theorem 1.5. Let p ě 1. Then there exists a constant Cp ą 0 such that for every integer n ě 1,

eppTnq ď

$

&

%

Cpn logp2nq, 1 ď p ď 2,

Cpn
3
2

´ 1
p , p ą 2.

In particular, for 1 ď p ď 2, this brings the toroidal analogue of Kusner-type problems to within
a logarithmic factor of the conjectured linear behavior. For p ą 2, it gives a substantially smaller
exponent than Alon’s bound Oppn

2`2{tpuq.
We also give two constructions which strengthen the known lower bounds. The first extends Alon’s

construction from prime values of 2n` 1 to odd prime powers.
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Theorem 1.6. Let q “ rm be an odd prime power for some odd prime r and some integer m ě 1. If
n “

q´1
2 , then there exists a set X Ď Tn of cardinality 2n` 1 such that X is equilateral in pTn, dpq for

every 1 ď p ď 8.

The second construction shows that, for suitable choices p “ pq depending on a prime q, the lower
bound can be improved along an infinite sequence of dimensions.

Theorem 1.7. There exist infinitely many primes q with the following property: there is a real number
pq ą

q´1
4 such that for every integer m ě 1, if n “

qm´1
4 , then epqpTnq ě 4n` 1.

2 Kusner’s conjecture for p P r4k ` 2, 4k ` 4s

We start with two pieces of notation that will be used throughout this section. The first is a convenient
way to write distance matrices. For x,y P Rn and q ą 0, write ℓqpx,yq :“ p

řn
r“1 |xr ´ yr|

qq1{q. Thus
ℓppx,yq “ }x ´ y}p, which is the distance induced by the ℓp-norm on Rn. The second is the standard
notion of conditional negative definiteness. This notion is useful here because, after double centering,
a conditionally negative definite kernel becomes a positive semidefinite matrix, which is exactly the
linear algebraic mechanism behind our rank argument.

Definition 2.1. Let X be a set. A symmetric kernel K : X ˆX Ñ R is called conditionally negative
definite on X if for any t ě 2 points x1, . . . , xt P X and coefficients a1, . . . , at P R with

řt
i“1 ai “ 0, we

have
řt
i,j“1 aiajKpxi, xjq ď 0. Moreover, K is called strictly conditionally negative definite on X if

řt
i,j“1 aiajKpxi, xjq ă 0 whenever

řt
i“1 ai “ 0 and pa1, . . . , atq ‰ p0, . . . , 0q.

2.1 Useful tools

We collect the auxiliary results needed for the proof. The main input is a one-dimensional kernel
decomposition. Its role is to correct the kernel |x ´ y|p, on a prescribed finite set of real numbers,
by a quadratic term and finitely many oscillatory terms so that the remaining kernel is conditionally
negative definite. The crucial point is the sign control on the oscillatory coefficients: at most k of them
are positive. This is what ultimately leads to the factor p2k ` 1qn in the rank bound.

Theorem 2.2. Let p P r4k ` 2, 4k ` 4s for some integer k ě 0, and set d :“ tp{2u. Let A “

tx1, . . . , xNu Ď R be a finite set. Then there exist constants θ0 “ θ0pp,Aq ą 0 and CppAq ą 0 such
that, for every 0 ă θ ă θ0, there exist a symmetric function Eθ : A ˆ A Ñ R and real coefficients
b0 “ b0pθq, b1 “ b1pθq, . . . , bd´1 “ bd´1pθq with |Eθpx, yq| ď CppAqθ2 for x, y P A, such that the kernel

Kθpx, yq :“ b0|x´ y|2 `

d´1
ÿ

h“1

bh
`

1 ´ cosphθpx´ yqq
˘

´ |x´ y|p ` Eθpx, yq

is conditionally negative definite on A. Moreover, among the coefficients b1, . . . , bd´1, at most k are
positive.

The remaining tools are elementary linear algebraic facts. The first one explains why conditionally
negative definite kernels are useful for us: after double centering, they become positive semidefinite
matrices.

Lemma 2.3. Let X “ tx1, x2, . . . , xmu be a finite set, and let K : X ˆX Ñ R be a symmetric kernel
that is conditionally negative definite on X. Then the matrix

´Cm
`

Kpxi, xjq
˘m

i,j“1
Cm

is positive semidefinite, where Cm “ Im ´m´1Jm.
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The second lemma is the rank-forcing step. It says that a positive semidefinite matrix, after adding
the centered identity Cm and a sufficiently small symmetric error, must still have rank at least m´ 1.

Lemma 2.4. Let Cm :“ Im ´m´1Jm. Assume that

G “ NNT ` Cm ` E,

where E is a symmetric matrix satisfying λminpEq ą ´1. Then

rankpGq ě m´ 1.

The last lemma is the low-rank input for the oscillatory terms. After centering, each basic cosine
distance matrix is controlled by the centered cosine Gram matrix, which has rank at most 2.

Lemma 2.5. Let u1, . . . , um P R, let θ ą 0 and r ě 1, and define

D :“
`

1 ´ cosprθpui ´ ujqq
˘m

i,j“1
.

Then the matrix ´CmDCm is positive semidefinite and has rank at most 2, where Cm :“ Im ´m´1Jm.

2.2 Sketch of the proof

We give a short overview of the proof before entering the details. The argument is a rank comparison.
Starting from an equilateral set A “ tx1, . . . ,xmu Ď Rn with p P r4k ` 2, 4k ` 4s, we normalize so
that ℓppxi,xjq “ 1 for all i ‰ j. Our goal is to prove m ď p2k ` 1qn ` 1. The strategy is to build a
matrix identity whose right hand side has rank at least m ´ 1, while its left hand side has rank at
most p2k ` 1qn.

The key input is the one-dimensional kernel decomposition in Theorem 2.2. Applied to the finite
set of all coordinate values appearing in A, it expresses the kernel |x´y|p, up to a small error, as a sum
of a quadratic term, finitely many oscillatory terms of the form 1 ´ cosphθpx´ yqq, and a conditionally
negative definite remainder. The important point is not merely that such a decomposition exists, but
that among the oscillatory coefficients b1, . . . , bd´1, at most k are positive. After summing over all
coordinates, the full distance matrix of A is decomposed into a Euclidean quadratic part, a controlled
number of positive-coefficient oscillatory parts, a conditionally negative definite part, and a small error.

The next step is to double-center the resulting matrix identity by

Cm “ Im ´m´1Jm.

This is where the equilateral condition enters in a very clean way. Since the matrix Λ “
`

ℓppxi,xjq
p
˘m

i,j“1
is equal to Jm ´ Im, double centering gives CmΛCm “ ´Cm. Thus the equilateral condition contributes
exactly the centered identity Cm, with the correct sign after rearrangement.

The conditionally negative definite part is favorable after this centering operation. Indeed,
Lemma 2.3 says that if K is conditionally negative definite, then its centered matrix ´CmpKpxi, xjqqCm
is positive semidefinite. The oscillatory terms with negative coefficients are also favorable: by Lemma 2.5,
each centered cosine kernel is positive semidefinite. Therefore all these favorable terms can be moved
to the same side and absorbed into a positive semidefinite matrix. In schematic form, the centered
identity becomes

2b0 rG2 `

n
ÿ

t“1

G`
θ ptq “ NNT ` Cm ` E.

Here rG2 is the centered Gram matrix coming from the quadratic term |x ´ y|2, the matrix G`
θ ptq

collects the positive-coefficient oscillatory contributions from the t-th coordinate, NNT absorbs the
positive semidefinite terms, and E is the small centered error.
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The smallness of E is used only at this point. By taking θ ą 0 sufficiently small, the matrix E
satisfies λminpEq ą ´1. Lemma 2.4 then applies to the right hand side and gives the lower bound

rank
`

NNT ` Cm ` E
˘

ě m´ 1.

It remains to bound the rank of the left hand side from above. The matrix rG2 is a centered
Gram matrix of m vectors in Rn, so rankp rG2q ď n. For each fixed coordinate t, the matrix G`

θ ptq
is a sum of at most k centered cosine kernels, and each has rank at most 2 by Lemma 2.5. Hence
rankpG`

θ ptqq ď 2k. Consequently,

rank
´

2b0 rG2 `

n
ÿ

t“1

G`
θ ptq

¯

ď n` 2kn “ p2k ` 1qn.

Comparing the lower and upper rank bounds gives m´ 1 ď p2k ` 1qn.

2.3 Proof of Theorem 1.2

Set d :“ tp{2u. Let A “ tx1,x2, . . . ,xmu Ď Rn be an equilateral set in pRn, } ¨ }pq. After scaling, we
may assume that ℓppxi,xjq “ 1 for all i ‰ j. After translating the whole set, we may further assume

that x1 “ 0. Write xi “ px
p1q

i , . . . , x
pnq

i q for 1 ď i ď m. Since x1 “ 0 and }xi ´ x1}p “ 1, every
coordinate of every point lies in r´1, 1s. Thus xi P r´1, 1sn for all 1 ď i ď m.

We now apply the one-dimensional kernel decomposition to all coordinate values that occur in A.
For each coordinate t P rns, define

At :“ tx
ptq
i : 1 ď i ď mu Ď r´1, 1s,

and set B :“
Ťn
t“1At. It is clear that B is finite. Choose θ ą 0 sufficiently small so that θ ă θ0pp,Bq

and mnCppBqθ2 ă 1, where θ0pp,Bq and CppBq are given by Theorem 2.2. Applying Theorem 2.2
to B, we obtain a symmetric function Eθ : B ˆB Ñ R and real coefficients b0, b1, . . . , bd´1 such that
|Eθpx, yq| ď CppBqθ2 for x, y P B, the kernel

Kpx, yq :“ b0|x´ y|2 `

d´1
ÿ

r“1

br
`

1 ´ cosprθpx´ yqq
˘

´ |x´ y|p ` Eθpx, yq

is conditionally negative definite on B, and among b1, . . . , bd´1 at most k are positive.
For every pair of points x,y P A, the definition of K gives

n
ÿ

t“1

`

Kpxptq, yptqq ´ Eθpx
ptq, yptqq

˘

` ℓppx,yqp “ b0}x ´ y}22 `

n
ÿ

t“1

d´1
ÿ

r“1

br
`

1 ´ cosprθpxptq ´ yptqqq
˘

. (1)

We now turn this scalar identity into a matrix identity. Define MK :“
řn
t“1

`

Kpx
ptq
i , x

ptq
j q

˘m

i,j“1
and

ME :“
řn
t“1

`

Eθpx
ptq
i , x

ptq
j q

˘m

i,j“1
, and let Λ :“

`

ℓppxi,xjq
p
˘m

i,j“1
. Since A is equilateral and ℓppxi,xjq “ 1

for i ‰ j, we have Λ “ Jm ´ Im.
We separate the oscillatory terms according to the signs of their coefficients. Put

R` :“ tr P t1, . . . , d´ 1u : br ą 0u,

and
R´ :“ tr P t1, . . . , d´ 1u : br ă 0u

6



respectively. By our selection and Theorem 2.2, |R`| ď k. For each t P rns, define

D`
θ ptq :“

ÿ

rPR`

br
`

1 ´ cosprθpx
ptq
i ´ x

ptq
j qq

˘m

i,j“1

and
D´
θ ptq :“

ÿ

rPR´

p´brq
`

1 ´ cosprθpx
ptq
i ´ x

ptq
j qq

˘m

i,j“1
.

Thus both D`
θ ptq and D´

θ ptq are nonnegative linear combinations of the basic cosine-distance matrices.
Set G`

θ ptq :“ ´CmD
`
θ ptqCm and G´

θ ptq :“ ´CmD
´
θ ptqCm. By Lemma 2.5, each of G`

θ ptq and G´
θ ptq is

positive semidefinite. Moreover,

rankpG`
θ ptqq ď

ÿ

rPR`

rank
´

´Cm
`

1 ´ cosprθpx
ptq
i ´ x

ptq
j qq

˘m

i,j“1
Cm

¯

ď 2|R`| ď 2k.

Recall that Cm “ Im ´m´1Jm. Next let D2 :“
`

}xi ´ xj}
2
2

˘m

i,j“1
and rG2 :“ ´1

2CmD2Cm. Notice

that rG2 is the Gram matrix of the centered vectors xi ´ x, where x :“ 1
m

řm
j“1 xj . Since these vectors

lie in Rn, we have
rankp rG2q ď n.

By (1), we have

MK ´ME ` Λ “ b0D2 `

n
ÿ

t“1

D`
θ ptq ´

n
ÿ

t“1

D´
θ ptq.

Since CmJm “ JmCm “ 0 and C2
m “ Cm, we have

CmΛCm “ CmpJm ´ ImqCm “ ´Cm.

Multiplying the preceding matrix identity by ´Cm on the left and by Cm on the right, we obtain

´CmMKCm ` CmMECm ` Cm “ 2b0 rG2 `

n
ÿ

t“1

G`
θ ptq ´

n
ÿ

t“1

G´
θ ptq,

which implies that

2b0 rG2 `

n
ÿ

t“1

G`
θ ptq “

´

´CmMKCm `

n
ÿ

t“1

G´
θ ptq

¯

` Cm ` CmMECm. (2)

We then estimate the rank of the right-hand side from below. First, observe that the coordinatewise
sum of K is still conditionally negative definite on A. Indeed, let λ1, . . . , λm P R satisfy

řm
i“1 λi “ 0.

Then
m
ÿ

i,j“1

λiλj

n
ÿ

t“1

Kpx
ptq
i , x

ptq
j q “

n
ÿ

t“1

m
ÿ

i,j“1

λiλjKpx
ptq
i , x

ptq
j q.

For each fixed t, all points x
ptq
i belong to B “

Ťn
t“1At. Since K is conditionally negative definite on B,

the inner sum is non-positive. If some of the values x
ptq
i coincide, we simply combine the corresponding

coefficients: for z P B, set µz :“
ř

i:x
ptq

i “z
λi. Then

ř

z µz “ 0, and

m
ÿ

i,j“1

λiλjKpx
ptq
i , x

ptq
j q “

ÿ

z,z1PB

µzµz1Kpz, z1q ď 0.
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Thus every coordinate contribution is conditionally negative definite, and their sum is conditionally
negative definite as well. Hence the kernel

pxi,xjq ÞÑ

n
ÿ

t“1

Kpx
ptq
i , x

ptq
j q

is conditionally negative definite on A. By Lemma 2.3, ´CmMKCm is positive semidefinite. Since
each G´

θ ptq is also positive semidefinite, the matrix

´CmMKCm `

n
ÿ

t“1

G´
θ ptq

is positive semidefinite. Since every real positive semidefinite matrix admits a Gram factorization, we
may write

´CmMKCm `

n
ÿ

t“1

G´
θ ptq “ NNT

for some real matrix N .
It remains to check that the error term is small enough. Recall that for a real symmetric matrix

M , }M}OP denotes the largest absolute value of its eigenvalues. Each entry of ME has absolute value
at most nCppBqθ2. Hence, by the Gershgorin circle theorem [8],

}ME}OP ď max
1ďiďm

m
ÿ

j“1

|pMEqij | ď mnCppBqθ2 ă 1.

Since Cm is an orthogonal projection,

}CmMECm}OP ď }ME}OP ă 1.

The matrix CmMECm is symmetric, and hence

λminpCmMECmq ą ´1.

Thus the right hand side of (2) has the form

NNT ` Cm ` E

with E “ CmMECm and λminpEq ą ´1. Then Lemma 2.4 gives

rank
´´

´CmMKCm `

n
ÿ

t“1

G´
θ ptq

¯

` Cm ` CmMECm

¯

ě m´ 1.

Therefore, by (2),

m´ 1 ď rank
´

2b0 rG2 `

n
ÿ

t“1

G`
θ ptq

¯

.

On the other hand, the rank of the left hand side is controlled by the Euclidean part and the
positive oscillatory parts:

rank
´

2b0 rG2 `

n
ÿ

t“1

G`
θ ptq

¯

ď rankp rG2q `

n
ÿ

t“1

rankpG`
θ ptqq ď n` 2kn “ p2k ` 1qn.

Combining the two inequalities gives m´ 1 ď p2k ` 1qn, and hence

m ď p2k ` 1qn` 1.

This completes the proof.
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2.4 Proofs of the tools

We now prove the auxiliary results stated above. The main task is to prove the one-dimensional
decomposition, Theorem 2.2. The proof has two stages. First we show that, on any finite set of real
numbers, the kernel ´|x´ y|p can be corrected by adding a suitable even polynomial in x´ y, so that
the resulting kernel is strictly conditionally negative definite. Then we approximate this correcting
polynomial by a finite cosine sum with coefficients of prescribed signs.

2.4.1 Proof of Theorem 2.2

We begin with the polynomial correction. In the range p P p4k ` 2, 4k` 4q, one has d “ tp{2u “ 2k` 1.
The oddness of d is the key point: it is what allows us to add a suitable even polynomial in x´ y to
´|x´ y|p, so that the resulting kernel becomes strictly conditionally negative definite.

Lemma 2.6. Let p P p4k ` 2, 4k ` 4q for some integer k ě 0, and set d :“ tp{2u “ 2k ` 1. Let
A “ tx1, . . . , xmu Ď R be a finite set. Then there exist real constants C2pA, pq, C4pA, pq, . . . , C2dpA, pq

such that the kernel

Kpx, yq :“
d
ÿ

r“1

C2rpA, pqpx´ yq2r ´ |x´ y|p

is strictly conditionally negative definite on A.

Before giving the proof, we keep the notation A “ tx1, . . . , xmu from the statement and introduce
the following filtration by vanishing moments. For an even function f : R Ñ R, define

Bf pa, bq :“
m
ÿ

i,j“1

aibjfpxi ´ xjq.

In particular, we write
Qf paq :“ Bf pa,aq.

For each integer r ě 0, define the r-th moment of a “ pa1, . . . , amq P Rm by Mrpaq :“
řm
i“1 aix

r
i , and

set
Vr :“ ta P Rm :M0paq “ M1paq “ ¨ ¨ ¨ “ Mrpaq “ 0u.

Thus Vr consists of coefficient vectors whose moments up to order r vanish. In particular, V0 “ ta P

Rm :
řm
i“1 ai “ 0u. These spaces form the decreasing filtration

V0 Ě V1 Ě ¨ ¨ ¨ Ě Vd.

The role of the correction polynomial is to make the resulting quadratic form negative definite on
V0. We achieve this by decreasing the moment order one step at a time, passing from Vd to Vd´1 and
eventually to V0.

The first ingredient is the following elementary identity. It shows that, on Vr´1, the quadratic form
induced by the kernel px´ yq2r depends only on the r-th moment.

Lemma 2.7. Let r ě 1. If a, b P Vr´1, then

Bt2rpa, bq “ p´1qr
ˆ

2r

r

˙

MrpaqMrpbq.

In particular:

(1) if a P Vr´1 and b P Vr, then Bt2rpa, bq “ 0;
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(2) if 0 ‰ a P Vr´1zVr, then Qp´1qr`1t2rpaq “ ´
`

2r
r

˘

Mrpaq2 ă 0.

Proof of Lemma 2.7. Expanding pxi ´ xjq
2r gives

pxi ´ xjq
2r “

2r
ÿ

ℓ“0

p´1q2r´ℓ

ˆ

2r

ℓ

˙

xℓix
2r´ℓ
j .

Therefore

Bt2rpa, bq “

2r
ÿ

ℓ“0

p´1q2r´ℓ

ˆ

2r

ℓ

˙

MℓpaqM2r´ℓpbq.

Since a, b P Vr´1, we have Mℓpaq “ Mℓpbq “ 0 for every ℓ ă r. Hence every term vanishes except the
middle term ℓ “ r, and so

Bt2rpa, bq “ p´1qr
ˆ

2r

r

˙

MrpaqMrpbq.

The two stated consequences now follow directly from this formula. If b P Vr, then Mrpbq “ 0, and
hence Bt2rpa, bq “ 0 for every a P Vr´1. On the other hand, if 0 ‰ a P Vr´1zVr, then Mrpaq ‰ 0.
Therefore

Qp´1qr`1t2rpaq “ p´1qr`1Bt2rpa,aq “ ´

ˆ

2r

r

˙

Mrpaq2 ă 0.

The second ingredient is the positivity of |x ´ y|p on Vd when d “ tp{2u is odd. Recall that
Qf paq :“ Bf pa,aq.

Lemma 2.8. Let d ě 0 be an integer, and let p satisfy 2d ă p ă 2d` 2. If d is odd, then the quadratic
form Q|t|p is positive definite on Vd, that is, Q|t|ppaq ą 0 for every 0 ‰ a P Vd.

Proof of Lemma 2.8. Define

Rdpuq :“ cosu´

d
ÿ

ℓ“0

p´1qℓ
u2ℓ

p2ℓq!
.

Since cosu “
ř8
ℓ“0p´1qℓ u

2ℓ

p2ℓq! , we have Rdpuq “ Opu2d`2q as u Ñ 0. Also, Rdpuq “ Opu2dq as |u| Ñ 8.
Therefore, the integral

Jp,d :“

ż 8

0

Rdpuq

u1`p
du

converges absolutely for 2d ă p ă 2d` 2.
Integrating by parts 2d times, we claim that all boundary terms vanish. Indeed, at the pj ` 1q-st

integration by parts, where 0 ď j ď 2d´ 1, the boundary term is a constant multiple of R
pjq

d puquj´p.
As u Ñ 0, we have

R
pjq

d puq “ Opu2d`2´jq,

and hence
R

pjq

d puquj´p “ Opu2d`2´pq “ op1q,

because p ă 2d` 2. As u Ñ 8, we have

R
pjq

d puq “ Opu2d´jq,

and hence
R

pjq

d puquj´p “ Opu2d´pq “ op1q,
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because p ą 2d. Thus all boundary terms vanish. We therefore obtain

Jp,d “
p´1qd

ppp´ 1q ¨ ¨ ¨ pp´ 2d` 1q

ż 8

0

cosu´ 1

u1`pp´2dq
du.

As cosu´ 1 ď 0, we have
p´1qd`1Jp,d ą 0.

Set cp,d :“
1

|Jp,d|
ą 0. Then by the change of variables u “ t|x|, for every x P R, we have

|x|p “ cp,dp´1qd`1

ż 8

0

Rdpt|x|q

t1`p
dt “ cp,dp´1qd`1

ż 8

0

cosptxq ´
řd
ℓ“0p´1qℓptxq2ℓ{p2ℓq!

t1`p
dt. (3)

For a “ pa1, . . . , amq P Vd, and ℓ “ 0, 1, . . . , d, we have

Mℓpaq “

m
ÿ

i“1

aix
ℓ
i “ 0.

Applying (3) to xi ´ xj , summing over i, j, and using Lemma 2.7 to eliminate all polynomial terms,
we obtain

Q|t|ppaq “ cp,dp´1qd`1

ż 8

0

řm
i,j“1 aiaj cosptpxi ´ xjqq

t1`p
dt.

By Euler’s formula eiθ “ cos θ ` i sin θ, we have

m
ÿ

i,j“1

aiaje
itpxi´xjq “

˜

m
ÿ

i“1

aie
itxi

¸˜

m
ÿ

j“1

aje
´itxj

¸

“

ˇ

ˇ

ˇ

ˇ

ˇ

m
ÿ

i“1

aie
itxi

ˇ

ˇ

ˇ

ˇ

ˇ

2

.

Taking real parts gives
m
ÿ

i,j“1

aiaj cosptpxi ´ xjqq “

ˇ

ˇ

ˇ

ˇ

ˇ

m
ÿ

i“1

aie
itxi

ˇ

ˇ

ˇ

ˇ

ˇ

2

.

It follows that

Q|t|ppaq “ cp,dp´1qd`1

ż 8

0

ˇ

ˇ

řm
i“1 aie

itxi
ˇ

ˇ

2

t1`p
dt. (4)

Because d is odd, we have p´1qd`1 “ 1, so the right hand side is nonnegative.
It remains to prove strict positivity. Let

Faptq :“
m
ÿ

i“1

aie
itxi .

This is an entire function. If Fa ” 0, then all derivatives at 0 vanish, so

m
ÿ

i“1

aix
r
i “ 0

for every r ě 0. In particular, this holds for 0 ď r ď m ´ 1. Since x1, . . . , xm are distinct, the
Vandermonde matrix is invertible, and hence a1 “ ¨ ¨ ¨ “ am “ 0. Thus Fa ı 0 whenever a ‰ 0. The
integrand in (4) is therefore not identically zero, and the integral is strictly positive. This proves the
lemma.

We are now ready to prove Lemma 2.6.
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Proof of Lemma 2.6. If m “ 1, the conclusion is trivial, so assume m ě 2. Set s :“ mintd,m´ 1u. We
first show that Vr has codimension 1 inside Vr´1.

Claim 2.9. For each r P t1, . . . , su, dimpVr´1{Vrq “ 1.

Proof of the claim. Notice that the linear functionals M0, . . . ,Ms are linearly independent on Rm. To
see this, suppose that

řs
r“0 crMr “ 0. Then the polynomial qpxq :“

řs
r“0 crx

r vanishes at the distinct
real numbers x1, . . . , xm. Since s ď m´ 1, this forces q ” 0, and hence c0 “ ¨ ¨ ¨ “ cs “ 0. Therefore
each time we pass from Vr´1 to Vr, we impose exactly one new independent linear condition, namely
Mrpaq “ 0. Thus dimpVr´1{Vrq “ 1 for every 1 ď r ď s. ■

Also, if s ă m´ 1, then necessarily s “ d, while if s “ m´ 1 ď d, then Vs “ t0u.
We shall construct the correcting coefficients by descending induction. For 1 ď r ď s, define

Krpx, yq :“
s
ÿ

j“r

C2jpA, pqpx´ yq2j ´ |x´ y|p.

We will choose the coefficients so that
QKrpaq ă 0 (5)

for every 0 ‰ a P Vr´1.
Start with Ks`1px, yq :“ ´|x ´ y|p. We claim that QKs`1 is negative definite on Vs. Indeed, if

s “ d, this follows from Lemma 2.8, since d “ 2k ` 1 is odd. If s “ m´ 1 ă d, then Vs “ t0u.
Fix r P t1, . . . , su, and assume that the coefficients C2pr`1qpA, pq, . . . , C2spA, pq have already been

chosen so that QKr`1paq ă 0 for all 0 ‰ a P Vr. Thus the bilinear form BKr`1 is nondegenerate on Vr:
if BKr`1pu,vq “ 0 for every v P Vr, then in particular QKr`1puq “ 0, forcing u “ 0.

Consider the subspace

Wr :“ tw P Vr´1 : BKr`1pw,vq “ 0 for all v P Vru.

Since BKr`1 |Vr is nondegenerate, we have Wr X Vr “ t0u. Consider the linear map

Φ : Vr´1 ÝÑ V ˚
r

defined as follows: for each w P Vr´1, the image Φpwq is the linear functional on Vr given by

Φpwqpvq “ BKr`1pw,vq

for every v P Vr. Since BKr`1 is nondegenerate on Vr, the restriction of Φ to Vr is an isomorphism
from Vr onto V

˚
r . In particular,

dimpimΦq “ dimVr.

Moreover, kerpΦq “ Wr. Hence, by rank-nullity and Claim 2.9,

dimWr “ dimVr´1 ´ dimVr “ 1,

and therefore Vr´1 “ Wr ‘ Vr.
Choose a nonzero vector wr P Wr. Since Wr X Vr “ t0u, we have wr R Vr, and so Mrpwrq ‰ 0. By

Lemma 2.7,

Qp´1qr`1t2rpwrq “ ´

ˆ

2r

r

˙

Mrpwrq
2 ă 0. (6)

Also, by the same lemma, for every w P Wr Ď Vr´1 and every v P Vr, Bt2rpw,vq “ 0.
Since wr is fixed, by (6), we can choose λr ą 0 so large that

QKr`1pwrq ` λrQp´1qr`1t2rpwrq ă 0.
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Set C2rpA, pq :“ λrp´1qr`1, and define

Krpx, yq :“ Kr`1px, yq ` λrp´1qr`1px´ yq2r.

We claim that QKr is negative definite on Vr´1. Let 0 ‰ u P Vr´1. Write uniquely

u “ w ` v

for w P Wr, v P Vr. Since Wr is BKr`1-orthogonal to Vr, and Bt2rpWr, Vrq “ 0, we have

QKrpuq “ QKrpwq `QKrpvq.

Now:

• if v ‰ 0, then QKrpvq “ QKr`1pvq ă 0, because v P Vr and Qt2rpvq “ 0 by Lemma 2.7;

• if w ‰ 0, then w “ αwr for some α ‰ 0, and hence

QKrpwq “ α2
´

QKr`1pwrq ` λrQp´1qr`1t2rpwrq

¯

ă 0.

Therefore QKrpuq ă 0 whenever u ‰ 0, and so (5) holds. This completes the descending induction.
At the end, we obtain coefficients C2rpA, pq for 1 ď r ď s such that QK1paq ă 0 for all 0 ‰ a P V0.

Finally, set C2rpA, pq :“ 0 for s ă r ď d. Then

Kpx, yq :“
d
ÿ

r“1

C2rpA, pq px´ yq2r ´ |x´ y|p

satisfies QKpaq ă 0 for all 0 ‰ a P V0. Since

V0 “

!

a P Rm :
m
ÿ

i“1

ai “ 0
)

,

this exactly says that K is strictly conditionally negative definite on A.

We now pass from the polynomial correction to the trigonometric correction required in Theorem 2.2.

Proof of Theorem 2.2. If |A| “ 1, the conclusion is trivial. We assume |A| ě 2.
We first handle the case d “ 1. If p “ 2, take b0 “ 1 and Eθ ” 0. If 2 ă p ă 4, then Lemma 2.6

gives a coefficient a2 such that the kernel

a2px´ yq2 ´ |x´ y|p

is conditionally negative definite on A. In this case take b0 “ a2 and Eθ ” 0. Since there are no
oscillatory terms when d “ 1, the sign assertion is vacuous. Thus we may assume d ě 2.

We first choose an even polynomial correction. If p P p4k ` 2, 4k ` 4q, then Lemma 2.6 gives real
coefficients a2, a4, . . . , a2d such that the kernel

Kpolypx, yq :“
d
ÿ

r“1

a2rpx´ yq2r ´ |x´ y|p

is conditionally negative definite on A. If p P t4k ` 2, 4k ` 4u, then p “ 2d. In this case take

pa2, a4, . . . , a2d´2, a2dq “ p0, 0, . . . , 0, 1q,
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so that
Kpolypx, yq “ px´ yq2d ´ |x´ y|2d “ 0.

Thus in all cases Kpoly is conditionally negative definite on A.
We then approximate the polynomial part by a finite cosine sum. For θ ą 0, define b1pθq, . . . , bd´1pθq

as the unique solution of
d´1
ÿ

h“1

bhpθqh2r “ p´1qr`1 p2rq!

θ2r
a2r (7)

for r “ 2, . . . , d. The coefficient matrix ph2rq2ďrďd,1ďhďd´1 is invertible. Indeed, after writing λh “ h2,
it becomes a Vandermonde matrix in the distinct numbers λ1, . . . , λd´1, up to multiplication of columns
by positive factors. Define

b0pθq :“ a2 ´
θ2

2

d´1
ÿ

h“1

bhpθqh2 (8)

and set

Tθptq :“ b0pθqt2 `

d´1
ÿ

h“1

bhpθqp1 ´ cosphθtqq.

Let
∆ :“ A´A “ tx´ y : x, y P Au.

Since ∆ is finite, all estimates below are uniform for t P ∆. For each h P t1, . . . , d´1u, Taylor’s formula
gives

1 ´ cosphθtq “

d
ÿ

r“1

p´1qr`1 phθtq2r

p2rq!
`Rhpθ, tq,

where Rhpθ, tq “ Opθ2d`2q uniformly for t P ∆.
Let

s :“ maxtr P t1, . . . , du : a2r ‰ 0u.

If s “ 1, then the right hand side of (7) is zero for every r “ 2, . . . , d, and hence bhpθq “ 0 for all h. In
this case Tθptq “ a2t

2, and the approximation below is exact. We may therefore assume s ě 2. Since
a2r “ 0 for all r ą s, equation (7) gives bhpθq “ Opθ´2sq for 1 ď h ď d´ 1. Hence, uniformly for t P ∆,

d´1
ÿ

h“1

bhpθqRhpθ, tq “ Opθ2d`2´2sq “ Opθ2q.

By (7) and (8), the Taylor coefficients of Tθptq up to degree 2d agree with those of
řd
r“1 a2rt

2r.
Therefore, defining

Eθpx, yq :“
d
ÿ

r“1

a2rpx´ yq2r ´ Tθpx´ yq,

we obtain
|Eθpx, yq| ď CppAqθ2

for all x, y P A, after increasing CppAq if necessary. Since Tθ is even, Eθ is symmetric.
Now define

Kθpx, yq :“ b0pθq|x´ y|2 `

d´1
ÿ

h“1

bhpθqp1 ´ cosphθpx´ yqqq ´ |x´ y|p ` Eθpx, yq.

By the definition of Eθ, we have
Kθpx, yq “ Kpolypx, yq
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for all x, y P A. Hence Kθ is conditionally negative definite on A.
It remains to control the signs of the coefficients b1pθq, . . . , bd´1pθq. If s “ 1, then all these

coefficients are zero, so there is nothing to prove. Assume s ě 2. Write (7) in matrix form as

Mbpθq “ upθq,

where bpθq :“ pb1pθq, . . . , bd´1pθqqT and

upθq :“

ˆ

p´1qr`1 p2rq!

θ2r
a2r

˙d

r“2

.

Since a2r “ 0 for r ą s and a2s ‰ 0, we have

upθq “ p´1qs`1p2sq!a2sθ
´2ses´1 `Opθ´2s`2q,

where es´1 denotes the ps´ 1q-st standard basis vector of Rd´1. Therefore

bhpθq “ p´1qs`1p2sq!a2spM
´1qh,s´1θ

´2s `Opθ´2s`2q. (9)

We now determine the sign pattern of M´1. For 1 ď h ď d´ 1, put λh :“ h2. Recall that the rows
of M are indexed by r “ 2, . . . , d, while the columns are indexed by h “ 1, . . . , d´ 1, and

Mr,h “ h2r “ λrh.

Equivalently, after relabeling the row r “ q ` 1, where 1 ď q ď d´ 1, the corresponding entry is

h2r “ h2pq`1q “ λq`1
h “ λq´1

h λ2h.

Thus, after this relabeling of the rows,
M “ V D,

where V “ pλq´1
h q1ďq,hďd´1 and D “ diagpλ21, . . . , λ

2
d´1q.

Since D has positive diagonal entries, M´1 “ D´1V ´1 has the same sign pattern as V ´1. Write
V ´1 “ pαh,qq1ďh,qďd´1. The h-th Lagrange interpolation polynomial for the nodes λ1, . . . , λd´1 is

LhpXq :“
ź

1ďjďd´1
j‰h

X ´ λj
λh ´ λj

.

Since the rows of V correspond to the monomials 1, X, . . . ,Xd´2, we may write

LhpXq “ αh,1 ` αh,2X ` ¨ ¨ ¨ ` αh,d´1X
d´2.

Thus αh,q is the coefficient of Xq´1 in LhpXq. The coefficient of Xq´1 in

ź

1ďjďd´1
j‰h

pX ´ λjq

has sign p´1qd´1´q, because all λj are positive. On the other hand,

sgn

¨

˝

ź

j‰h

pλh ´ λjq

˛

‚“ p´1qd´1´h.
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Therefore
sgnpαh,qq “ p´1qd´1´qp´1qd´1´h “ p´1qh`q.

It follows that
sgnppM´1qh,qq “ sgnppV ´1qh,qq “ p´1qh`q.

Applying this with q “ s´ 1 in (9), we get, for all sufficiently small θ,

sgnpbhpθqq “ sgnpa2sqp´1qs`1p´1qh`s´1 “ sgnpa2sqp´1qh.

Thus the nonzero coefficients b1pθq, . . . , bd´1pθq have alternating signs.
If p P r4k ` 2, 4k ` 4q, then d “ 2k ` 1, so there are d ´ 1 “ 2k oscillatory coefficients, and an

alternating sign pattern gives at most k positive ones. If p “ 4k ` 4, then d “ 2k ` 2, s “ d, and
a2s “ a2d “ 1. Hence positive signs can occur only for even h, namely among h “ 2, 4, . . . , 2k, so again
there are at most k positive coefficients.

Finally, choose θ0 “ θ0pp,Aq ą 0 sufficiently small so that both the error estimate above and the
sign conclusions hold for every 0 ă θ ă θ0. This proves the theorem.

2.4.2 Proofs of remaining lemmas

We finish this subsection by proving the three elementary algebraic lemmas used in the rank argument.

Proof of Lemma 2.3. Let
M :“

`

Kpxi, xjq
˘m

i,j“1
.

For any v P Rm, set u :“ Cmv. Since Cm is the orthogonal projection onto

1K :“ tw P Rm : xw,1y “ 0u,

we have u P 1K. Therefore, by the conditional negative definiteness of K,

vTp´CmMCmqv “ ´uTMu ě 0.

Thus ´CmMCm is positive semidefinite.

Proof of Lemma 2.4. We show that G is positive definite on the pm´ 1q-dimensional subspace 1K. Let
v P 1Kzt0u. Since Cm is the orthogonal projection onto 1K, we have Cmv “ v. Hence

vTGv “ vTNNTv ` vTCmv ` vTEv “ }NTv}22 ` }v}22 ` vTEv.

Since λminpEq ą ´1, we have
vTEv ě λminpEq}v}22.

It follows that
vTGv ě }NTv}22 ` p1 ` λminpEqq}v}22 ą 0.

Thus G is positive definite on 1K. Consequently, G has rank at least dim1K “ m´ 1, as desired.

Proof of Lemma 2.5. Let
H :“

`

cosprθpui ´ ujqq
˘m

i,j“1
.

Since D “ Jm ´H and CmJm “ JmCm “ 0, we have

´CmDCm “ CmHCm.

It is therefore enough to show that H is positive semidefinite and has rank at most 2.
Using cospα ´ βq “ cosα cosβ ` sinα sinβ, we can write

H “ ccT ` ssT,

where c :“ pcosprθu1q, . . . , cosprθumqqT and s :“ psinprθu1q, . . . , sinprθumqqT. Hence H is positive
semidefinite and rankpHq ď 2. Since CmHCm is a compression of H, it is also positive semidefinite
and has rank at most 2. Therefore ´CmDCm is positive semidefinite and has rank at most 2.
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2.5 Affine independence and nonregular examples for 2 ă p ă 4

We close this section with two simple observations about the equality case in the range 2 ă p ă 4. The
first one says that every largest equilateral set must be affinely independent. Thus, in this range, the
extremal configuration is always an n-simplex in the affine sense.

Proposition 2.10. Let 2 ă p ă 4, and let A “ tx1, . . . ,xmu Ď Rn be an equilateral set in pRn, } ¨ }pq.
If m “ n` 1, then A is affinely independent. Equivalently, A is the vertex set of an n-simplex.

Proof of Proposition 2.10. In the proof of Theorem 1.2, when 2 ă p ă 4, we have k “ 0. Thus there
are no oscillatory correction terms and no error term. The centered identity reduces to

2b0 rG2 “ ´CmMKCm ` Cm,

where rG2 :“ ´1
2CmD2Cm is the centered Gram matrix of x1, . . . ,xm, and MK is the matrix associated

with the conditionally negative definite kernel K.
By Lemma 2.3, the matrix ´CmMKCm is positive semidefinite. Hence we may write

´CmMKCm “ NNT

for some real matrix N . Therefore
2b0 rG2 “ NNT ` Cm.

By Lemma 2.4, applied with E “ 0, we get rankp2b0 rG2q ě m ´ 1. Since m “ n ` 1 ě 2, this also
implies b0 ‰ 0, and hence

rankp rG2q ě m´ 1.

On the other hand, rG2 is the Gram matrix of m centered vectors in Rn, so rankp rG2q ď n. Since
m “ n` 1, we have

rankp rG2q “ n “ m´ 1.

But the rank of the centered Gram matrix is exactly the dimension of the affine span of A. Hence the
affine span of A has dimension m´ 1, which means that x1, . . . ,xm are affinely independent.

The preceding proposition should not be confused with Euclidean regularity. It only says that a
largest equilateral set is an affine simplex. In general, this simplex need not be regular with respect to
the Euclidean metric.

Proposition 2.11. Let 2 ă p ă 4 and n ě 2. Then there exists an equilateral set of size n ` 1 in
pRn, } ¨ }pq which is not a regular simplex in the Euclidean sense.

Proof of Proposition 2.11. Let x0 :“ 1
2e1 and x1 :“ ´1

2e1. Next, let α ą 0 be the unique real number
satisfying

`

α ` 2´1{p
˘p

` pn´ 2qαp “ 1 ´ 2´p. (10)

Such an α exists and is unique, because the function

hptq :“
`

t` 2´1{p
˘p

` pn´ 2qtp

is continuous and strictly increasing when t ě 0, with hp0q “ 2´1 ă 1´ 2´p, since p ą 1, and hptq Ñ 8

as t Ñ 8. For each i “ 1, . . . , n´ 1, define

xi`1 :“ α
n
ÿ

j“2

ej ` 2´1{pei`1.
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We claim that A :“ tx0,x1, . . . ,xnu is equilateral in pRn, } ¨ }pq with common distance 1. First,
}x0 ´ x1}

p
p “ 1. Next, if i ‰ j with 1 ď i, j ď n ´ 1, then xi`1 ´ xj`1 has exactly two nonzero

coordinates, namely 2´1{p and ´2´1{p. Hence

}xi`1 ´ xj`1}pp “ 2 ¨ 2´1 “ 1.

Finally, for each i “ 1, . . . , n´ 1,

x0 ´ xi`1 “
1

2
e1 ´ α

n
ÿ

j“2

ej ´ 2´1{pei`1,

and hence, by (10),
}x0 ´ xi`1}pp “ 2´p `

`

α ` 2´1{p
˘p

` pn´ 2qαp “ 1.

The same computation applies to x1, and gives }x1´xi`1}
p
p “ 1. Therefore A is equilateral in pRn, }¨}pq.

It remains to show that A is not a regular simplex in the Euclidean sense. We have }x0 ´ x1}22 “ 1.
If n ě 3, then for distinct i, j P t1, . . . , n´ 1u,

}xi`1 ´ xj`1}22 “ 2 ¨ 2´2{p “ 21´2{p ‰ 1.

Thus A is not Euclidean regular when n ě 3. It remains to consider the case n “ 2. In this case (10)
gives α ` 2´1{p “ p1 ´ 2´pq1{p. Therefore

}x0 ´ x2}22 “
1

4
`
`

α ` 2´1{p
˘2

“
1

4
` p1 ´ 2´pq2{p.

Since p ą 2, we have 2{p ă 1, and hence p1 ´ 2´pq2{p ą 1 ´ 2´p ą 3
4 . It follows that

}x0 ´ x2}22 ą 1 “ }x0 ´ x1}22.

Thus A is not Euclidean regular also when n “ 2. This completes the proof.

3 An almost linear bound for epℓnpq when p P p4k, 4k ` 2q

The proof of Theorem 1.3 requires a different argument from that used in the preceding section. We
begin with a brief sketch, highlighting where the previous rank argument breaks down and explaining
the mechanism that replaces it.

3.1 Sketch of the Proof of Theorem 1.3

Let A Ď Rn be an equilateral set with common ℓp-distance 1, where p P p4k, 4k ` 2q. After translating
A, we may assume that one point of A is the origin. This normalization places all coordinates in
a bounded interval and gives a uniform coordinatewise p-mass bound, which will later make the
approximation errors add up correctly over the n coordinates.

The finite-rank argument from the preceding section cannot be closed in the same way in the
range p P p4k, 4k ` 2q. The obstruction is a parity-driven sign reversal at the last level of the moment
filtration. In the interior of the range treated in the preceding section, namely p P p4k ` 2, 4k ` 4q, one
has d “ tp{2u “ 2k ` 1, and Lemma 2.8 gives the favorable positive definiteness of Q|t|p on Vd. This
sign was the key input which allowed the signed kernel ´|x´ y|p to be corrected, up to a controlled
error term, by a quadratic term and finitely many oscillatory kernels. After double centering, the
conditionally negative contribution lay on the same side as the p-distance term and could be absorbed
into the positive-semidefinite side, leaving only a controlled number of unfavorable finite-rank modes
to be counted.
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In the complementary range p P p4k, 4k`2q, however, we have d “ tp{2u “ 2k, and the corresponding
quadratic form Q|t|p is negative definite on Vd rather than positive definite. Thus the sign needed for
the preceding absorption mechanism is reversed. The previous finite-rank correction scheme therefore
no longer produces a conditionally negative definite correction of the signed kernel ´|x´ y|p in a way
compatible with the same rank count. This reversal suggests the appropriate replacement: the kernel
to be corrected is now |x´ y|p itself, rather than ´|x´ y|p.

The replacement is a zero-anchored Hilbert-space representation. Write p “ 4k`β, with 0 ă β ă 2.
Since the kernel |u´ v|β is conditionally negative definite on the real line, it admits a Hilbert-space
realization by squared distances. We use this conditionally negative kernel after taking 2k-fold zero-
anchored primitives. Integrating by parts then reduces the exponent p to the conditionally negative
exponent β. This gives a one-dimensional representation in which the main sign-definite part of
the p-distance quadratic form becomes a squared norm in a Hilbert space, up to finite-dimensional
boundary correction terms. The anchoring at the origin is essential: it ensures that the boundary
terms produced by the integrations remain finite-dimensional.

Applying this representation coordinate by coordinate, and then performing the centering step,
gives the analogue of the matrix identity used in the preceding section. The centered simplex matrix is
balanced against two contributions: a finite-dimensional correction term of rank at most 4kn, coming
from the boundary terms, and a Gram matrix coming from the Hilbert-space component.

The crucial difference is where this Hilbert-space term appears in the rank identity. In the previous
argument, the conditionally negative contribution was on the same side as the p-distance term. Hence,
after double centering, it could be absorbed into the positive-semidefinite side, while the rank estimate
was applied to the opposite side. In the present range, the sign is reversed: the Hilbert-space Gram
term appears on the side to which the rank estimate must be applied. Thus it is no longer harmless.
Although its Gram matrix has finite rank for the finite set under consideration, that rank may be as
large as the size of the set itself, so inserting it directly would destroy the rank count.

The rest of the proof is therefore an approximation argument. The resulting Hilbert map has
a scaling structure, which allows its image to be approximated by dyadic shells. Using L shells
gives an OppLq-dimensional approximation in one coordinate, and hence an OppnLq-dimensional
approximation after taking the direct sum over all coordinates. A coordinatewise p-mass estimate
controls the accumulation of the approximation errors over the n coordinates. Choosing L “ Opplog nq,
and then applying a suitable projection lower bound to the resulting centered Gram identity, yields
|A| ď Cpn logp2nq.

3.2 A zero-anchored primitive and an exact bridge

Fix p P p4k, 4k ` 2q with p ě 1, and write β :“ p´ 4k P p0, 2q. The zero anchored primitive below is
needed only when k ě 1. Thus, for the rest of this lemma, assume k ě 1 and set n0 :“ 2k ´ 1. The
case k “ 0, namely 1 ď p ă 2, will be handled separately in Proposition 3.2. The next function should
be viewed as a compactly supported 2k-fold primitive of the point mass δx, normalized so that all
lower-order boundary terms are anchored at the origin. This anchoring is what later produces only
finitely many correction terms. For a real number u, write u` :“ maxtu, 0u.

Lemma 3.1. For each x P r´1, 1s, define

ψp0q
x ptq :“

$

’

’

’

’

&

’

’

’

’

%

px´ tqn0
`

n0!
´

n0
ÿ

r“0

xr

r!

p´tqn0´r
`

pn0 ´ rq!
, x ě 0,

pt´ xq
n0
`

n0!
´

n0
ÿ

r“0

p´xqr

r!

tn0´r
`

pn0 ´ rq!
, x ď 0.

Then the following hold.
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(i) suppψ
p0q
x Ď rmintx, 0u,maxtx, 0us.

(ii) In the sense of distributions,

`

ψp0q
x

˘p2kq
“ δx ´

2k´1
ÿ

r“0

p´1qrxr

r!
δ

prq

0 .

(iii) For every α ą ´1 and every integer r P t0, 1, . . . , 2k ´ 1u,

ż

R
ψp0q
x ptq sgnptqr|t|α dt “

Γpα ` 1q

Γpα ` 2k ` 1q
sgnpxqr|x|α`2k.

In particular,
ş

R ψ
p0q
x ptq dt “

|x|2k

p2kq! , and

ż

R
ψp0q
x ptq |t|β dt “

Γpβ ` 1q

Γpp´ 2k ` 1q
|x|p´2k.

Proof of Lemma 3.1. Suppose first that x ě 0. For t ă 0, we have

px´ tqn0 “

n0
ÿ

r“0

ˆ

n0
r

˙

xrp´tqn0´r,

hence the two terms in the definition of ψ
p0q
x cancel identically on p´8, 0q. Also, for t ą x, the first

term vanishes and the second term is already zero. Therefore suppψ
p0q
x Ď r0, xs. Suppose now that

x ď 0. For t ą 0, we have

pt´ xqn0 “

n0
ÿ

r“0

ˆ

n0
r

˙

p´xqrtn0´r,

so the two terms in the definition of ψ
p0q
x cancel identically on p0,8q. Also, for t ă x, the first term

vanishes and the second term is already zero. Hence suppψ
p0q
x Ď rx, 0s. This proves (i).

We next prove (ii). If x ě 0, then d2k

dt2k
px´tq

n0
`

n0!
“ δx. Also for 0 ď r ď n0, we have

d2k

dt2k

˜

p´tqn0´r
`

pn0 ´ rq!

¸

“ p´1qrδ
prq

0 .

Therefore
`

ψp0q
x

˘p2kq
“ δx ´

2k´1
ÿ

r“0

p´1qrxr

r!
δ

prq

0 .

If x ď 0, then d2k

dt2k
pt´xq

n0
`

n0!
“ δx, and

d2k

dt2k

ˆ

t
n0´r
`

pn0´rq!

˙

“ δ
prq

0 . Since p´xqr “ p´1qrxr, we again obtain

`

ψp0q
x

˘p2kq
“ δx ´

2k´1
ÿ

r“0

p´1qrxr

r!
δ

prq

0 .

This proves (ii).

Finally, we prove (iii). If x “ 0, then ψ
p0q

0 ” 0, and the claim is trivial. Assume first that x ą 0.

By (i), ψ
p0q
x is supported on r0, xs, where sgnptqr “ 1. Thus

ż

R
ψp0q
x ptq sgnptqr|t|α dt “

ż x

0

px´ tq2k´1

p2k ´ 1q!
tα dt.
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After the change of variables t “ xu, this becomes

xα`2k

p2k ´ 1q!

ż 1

0
p1 ´ uq2k´1uα du “

xα`2k

p2k ´ 1q!
Bpα ` 1, 2kq “

Γpα ` 1q

Γpα ` 2k ` 1q
xα`2k.

If x ă 0, then ψ
p0q
x is supported on rx, 0s, where sgnptqr “ sgnpxqr. Hence

ż

R
ψp0q
x ptq sgnptqr|t|α dt “ sgnpxqr

ż 0

x

pt´ xq2k´1

p2k ´ 1q!
|t|α dt.

Writing x “ ´a with a ą 0, and changing variables t “ ´au, we obtain

sgnpxqr
aα`2k

p2k ´ 1q!

ż 1

0
p1 ´ uq2k´1uα du “

Γpα ` 1q

Γpα ` 2k ` 1q
sgnpxqr|x|α`2k.

This proves (iii).

We now package the one-dimensional identity into a Hilbert space bridge. We use Hilbert spaces only
in a concrete linear algebraic way. Namely, whenever a symmetric bilinear form is positive semidefinite,
we may quotient out its null space and complete the resulting inner product space, which produces
a real Hilbert space. In such a space, finite Gram matrices are positive semidefinite and orthogonal
projections onto finite dimensional subspaces are available. In what follows, this construction is used
to represent the conditionally negative definite kernel |x´ y|β, with 0 ă β ă 2, as a squared norm.

Although in this section we only need the case k ě 1, we state the bridge also for k “ 0, where
it reduces to the standard Hilbert space embedding of conditionally negative definite kernels. In
particular, it will be useful in the proof of Lemma 4.4.

Proposition 3.2. Let p P p4k, 4k ` 2q for some integer k ě 0, and set β :“ p´ 4k P p0, 2q. If p ě 1,
then there exist:

• a real Hilbert space Hβ,

• a continuous map Γ0 : r´1, 1s Ñ Hβ,

• a map w0 : r´1, 1s Ñ R4k,

• symmetric positive semidefinite matrices M`,0,M´,0 P R4kˆ4k,

• linear operators Ta : Hβ Ñ Hβ for 0 ă a ď 1,

such that the following hold.

(i) For every finite set X “ tx1, . . . , xmu Ď r´1, 1s and every λ “ pλ1, . . . , λmq P 1K,

´
1

2

m
ÿ

i,j“1

λiλj |xi ´ xj |
p “ cp,k

›

›

›

›

›

m
ÿ

i“1

λiΓ0pxiq

›

›

›

›

›

2

Hβ

`

›

›

›

›

›

m
ÿ

i“1

λiM
1{2
`,0w0pxiq

›

›

›

›

›

2

2

´

›

›

›

›

›

m
ÿ

i“1

λiM
1{2
´,0w0pxiq

›

›

›

›

›

2

2

,

where cp,k :“
Γpp`1q

Γpβ`1q
.

(ii) For all 0 ă a ď 1 and all x P r´1, 1s, Γ0paxq “ TaΓ0pxq, and for ξ P Hβ,

}Taξ}Hβ
“ ap{2}ξ}Hβ

.
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Proof of Proposition 3.2. If k “ 0, then 1 ď p ă 2. Since |x´ y|p is conditionally negative definite on
R, there exist a real Hilbert space Hp and a map Γ0 : R Ñ Hp such that

´
1

2

ÿ

i,j

λiλj |xi ´ xj |
p “

›

›

›

›

›

ÿ

i

λiΓ0pxiq

›

›

›

›

›

2

.

We take w0 to be the map into R0, and M`,0,M´,0 to be the corresponding 0ˆ0 matrices. The second
statement follows from homogeneity.

Assume now that k ě 1. We use signed measures only as a compact notation for combining ordinary
integrals and point masses: fptq dt contributes

ş

φptqfptq dt, while δy contributes φpyq. Let

M0 :“
!

µ : µ is a compactly supported signed Borel measure on R, µpRq “ 0
)

.

Define a symmetric bilinear form on M0 by

xµ, νyβ :“ ´
1

2

ĳ

R2

|u´ v|β dµpuq dνpvq.

Since 0 ă β ă 2, the kernel pu, vq Ñ |u ´ v|β is conditionally negative definite on R, and therefore
x¨, ¨yβ is positive semidefinite on M0. Quotienting by the null space and completing, we obtain a real
Hilbert space Hβ.

For x P r´1, 1s, let ψ
p0q
x be as in Lemma 3.1, and define

νp0q
x :“ ψp0q

x ptq dt´
|x|2k

p2kq!
δ0.

By Lemma 3.1(iii), ν
p0q
x P M0. Define Γ0pxq :“ rν

p0q
x s P Hβ. Now let X “ tx1, . . . , xmu Ď r´1, 1s,

λ “ pλ1, . . . , λmq P 1K, and define

Qp,Xpλq :“ ´
1

2

m
ÿ

i,j“1

λiλj |xi ´ xj |
p.

Set F
p0q

λ ptq :“
řm
i“1 λiψ

p0q
xi ptq, µλ :“

řm
i“1 λiδxi , Mrpλq :“

řm
i“1 λix

r
i for 1 ď r ď 2k,

Srpλq :“
m
ÿ

i“1

λi sgnpxiq
r|xi|

p´r

for 1 ď r ď 2k. By Lemma 3.1(ii),

pF
p0q

λ qp2kq “ µλ ´

2k´1
ÿ

r“0

p´1qrMrpλq

r!
δ

prq

0 .

Since λ P 1K, we have M0pλq “ 0, and therefore

pF
p0q

λ qp2kq “ µλ ´

2k´1
ÿ

r“1

p´1qrMrpλq

r!
δ

prq

0 . (11)

Define also

ν
p0q

λ :“ F
p0q

λ ptq dt´
M2kpλq

p2kq!
δ0.
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By Lemma 3.1(iii), ν
p0q

λ P M0, and
řm
i“1 λiΓ0pxiq “ rν

p0q

λ s. Let } ¨ }Hβ
denote the norm in the Hilbert

space Hβ, induced by the inner product

xµ, νyβ :“ ´
1

2

ĳ

R2

|u´ v|β dµpuq dνpvq.

Since
řm
i“1 λiΓ0pxiq “ rν

p0q

λ s P Hβ, we have, by the definition of this Hilbert-space norm,

›

›

›

›

›

m
ÿ

i“1

λiΓ0pxiq

›

›

›

›

›

2

Hβ

“ ´
1

2

ĳ

|u´ v|β dν
p0q

λ puq dν
p0q

λ pvq. (12)

We now compute Qp,Xpλq.

Bulk–bulk term. Set

Qbulk :“ ´
1

2

A

pF
p0q

λ qp2kq b pF
p0q

λ qp2kq, |x´ y|p
E

,

where the tensor product is understood in the usual distributional sense, more precisely, for distributions
S, T on R, the distribution S b T acts on a function Φpx, yq by first applying T in the y-variable and
then S in the x-variable. Since

B2k
x B2k

y

ˆ

´
1

2
|x´ y|p

˙

“ cp,k

ˆ

´
1

2
|x´ y|β

˙

,

integration by parts yields

Qbulk “ ´
cp,k
2

ĳ

R2

F
p0q

λ puqF
p0q

λ pvq|u´ v|β du dv.

On the other hand, Lemma 3.1(iii) gives

ż

R
F

p0q

λ ptq dt “
M2kpλq

p2kq!

and
ż

R
|t|βF

p0q

λ ptq dt “
Γpβ ` 1q

Γpp´ 2k ` 1q
S2kpλq.

Expanding (12), and using cp,k :“
Γpp`1q

Γpβ`1q
, we obtain

Qbulk “ cp,k

›

›

›

›

›

m
ÿ

i“1

λiΓ0pxiq

›

›

›

›

›

2

Hβ

´

ˆ

p

2k

˙

M2kpλqS2kpλq. (13)

Bulk–boundary term. For 1 ď r ď 2k´ 1, define hrpxq :“ sgnpxqr|x|p´r. From now on, we use the
notation

ppqr :“ ppp´ 1q ¨ ¨ ¨ pp´ r ` 1q

for the falling factorial. Moreover, we use xδ
prq

0 , ¨yy to denote that the distribution δ
prq

0 acts on the
y-variable, with x fixed. Therefore, for x ‰ 0,

A

δ
prq

0 , |x´ y|p
E

y
“ p´1qrBry|x´ y|p

ˇ

ˇ

y“0
.
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Since
Bry|x´ y|p

ˇ

ˇ

y“0
“ p´1qrppqr sgnpxqr|x|p´r,

we obtain
A

δ
prq

0 , |x´ y|p
E

y
“ ppqrhrpxq.

Using (11), the total bulk–boundary contribution is

Qcross “ ´

2k´1
ÿ

r“1

p´1qrMrpλq

r!

A

pF
p0q

λ qp2kq, ppqrhr

E

.

Here the factor 2 coming from the two cross terms is cancelled by the prefactor ´1
2 in Qp,Xpλq.

Notice that p´ r ą 2k, so hr P C2kpRq, and

hp2kq
r pxq “ pp´ rq2k sgnpxqr|x|p´r´2k.

Hence, by integration by parts and Lemma 3.1(iii) with α “ p´ r ´ 2k ą ´1,

A

pF
p0q

λ qp2kq, hr

E

“ Srpλq.

Since ppqr
r! “

`

p
r

˘

, summing over r “ 1, . . . , 2k ´ 1 gives

Qcross “ ´

2k´1
ÿ

r“1

p´1qr
ˆ

p

r

˙

MrpλqSrpλq. (14)

Boundary–boundary term. Every boundary–boundary term is of the form

A

δ
prq

0 b δ
psq

0 , |x´ y|p
E

“ p´1qr`sBrxBsy|x´ y|p
ˇ

ˇ

p0,0q
.

Since r ` s is an integer and r ` s ď 4k ´ 2 ă p, the derivative of order r ` s of |t|p exists at 0 and
equals 0. Therefore all boundary–boundary terms vanish.

Combining (13) and (14), we conclude that

Qp,Xpλq “ cp,k

›

›

›

›

›

m
ÿ

i“1

λiΓ0pxiq

›

›

›

›

›

2

Hβ

´

2k
ÿ

r“1

p´1qr
ˆ

p

r

˙

MrpλqSrpλq. (15)

We now encode the finite-dimensional correction. Define urpxq :“ xr for 1 ď r ď 2k, vrpxq :“
sgnpxqr|x|p´r for 1 ď r ď 2k. Set

w0pxq :“
`

u1pxq, . . . , u2kpxq, v1pxq, . . . , v2kpxq
˘

P R4k.

Define a symmetric matrix Ap,k P R4kˆ4k by

Ap,kpr, 2k ` rq “ Ap,kp2k ` r, rq “ ´
1

2
p´1qr

ˆ

p

r

˙

for 1 ď r ď 2k, and all other entries equal to 0. Notice that if mw0pλq :“
řm
i“1 λiw0pxiq, then by

construction

mw0pλqJAp,kmw0pλq “ ´

2k
ÿ

r“1

p´1qr
ˆ

p

r

˙

MrpλqSrpλq.
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Thus (15) becomes

Qp,Xpλq “ cp,k

›

›

›

›

›

m
ÿ

i“1

λiΓ0pxiq

›

›

›

›

›

2

Hβ

` mw0pλqJAp,kmw0pλq.

Take a spectral decomposition Ap,k “ M`,0 ´M´,0 with M`,0,M´,0 ľ 0. Then

Qp,Xpλq “ cp,k

›

›

›

›

›

m
ÿ

i“1

λiΓ0pxiq

›

›

›

›

›

2

Hβ

`

›

›

›

›

›

m
ÿ

i“1

λiM
1{2
`,0w0pxiq

›

›

›

›

›

2

2

´

›

›

›

›

›

m
ÿ

i“1

λiM
1{2
´,0w0pxiq

›

›

›

›

›

2

2

.

This proves (i).
We now prove (ii). We first define the scaling operation at the level of measures. For 0 ă a ď 1

and µ P M0, let rTaµ be the signed measure determined by
ż

R
φptq dp rTaµqptq “ a2k

ż

R
φpauq dµpuq

for every test function φ. In words, we scale the underlying variable by u ÞÑ au, and multiply the mass
by a2k. This operation preserves compact support and total mass zero, so rTaµ P M0.

For µ, ν P M0, the definition gives

x rTaµ, rTaνyβ “ ´
1

2

ĳ

R2

|u´ v|β dp rTaµqpuq dp rTaνqpvq

“ a4k

¨

˝´
1

2

ĳ

R2

|au´ av|β dµpuq dνpvq

˛

‚

“ a4k`βxµ, νyβ “ apxµ, νyβ.

In particular, if µ belongs to the null space of the semidefinite form x¨, ¨yβ , then so does rTaµ. Hence rTa
descends to the quotient space. On the quotient, and then on its Hilbert-space completion, we denote
the induced operator by Ta. The identity above gives

}Taξ}Hβ
“ ap{2}ξ}Hβ

for every ξ P Hβ.
It remains to verify that this operator has the required action on the vectors Γ0pxq. By direct

inspection of the definition of ψ
p0q
x , for every x P r´1, 1s and 0 ă a ď 1,

ψp0q
ax ptq “ a2k´1ψp0q

x pt{aq.

Equivalently, for every test function φ,
ż

R
φptqψp0q

ax ptq dt “ a2k
ż

R
φpauqψp0q

x puq du.

Moreover, |ax|2k

p2kq! δ0 is obtained from |x|2k

p2kq!δ0 by the same scaling rule, because the mass is multiplied by

a2k and the point 0 remains fixed. Therefore ν
p0q
ax “ rTaν

p0q
x . Passing to equivalence classes in Hβ, we

obtain Γ0paxq “ TaΓ0pxq.
Finally, we prove that Γ0 is continuous. Applying Proposition 3.2(i) to the two-point set tx, yu

with λ “ p1,´1q, we obtain

|x´ y|p “ cp,k}Γ0pxq ´ Γ0pyq}2Hβ
` }M

1{2
`,0pw0pxq ´ w0pyqq}22 ´ }M

1{2
´,0pw0pxq ´ w0pyqq}22.
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Thus

cp,k}Γ0pxq ´ Γ0pyq}2Hβ
ď |x´ y|p `

ˇ

ˇ

ˇ
}M

1{2
`,0pw0pxq ´ w0pyqq}22 ´ }M

1{2
´,0pw0pxq ´ w0pyqq}22

ˇ

ˇ

ˇ
.

Since w0 is continuous on r´1, 1s, the finite-dimensional correction tends to 0 as y Ñ x. Hence

}Γ0pxq ´ Γ0pyq}Hβ
Ñ 0

as y Ñ x. This completes the proof.

3.3 Projection and dyadic shell approximation

We next record a projection lower bound.

Proposition 3.3. Let B “ tx1, . . . , xmu be a finite set, let H be a real Hilbert space, and let ϕ : B Ñ H
be a map. Define R :“

`

xϕpxiq, ϕpxjqyH
˘m

i,j“1
, and Cm :“ Im ´ 1

mJm. Assume that a ą 0 and that there

exists an mˆm matrix X with rank r such that 1
a Cm `X “ R. Then for every orthogonal projection

P : H Ñ S onto an s-dimensional subspace S Ď H, one has

max
xPB

}ϕpxq ´ Pϕpxq}2H ě
m´ r ´ 1 ´ s

am
. (16)

Proof of Proposition 3.3. Let Q :“ IH ´P, so that Q is the orthogonal projection onto SK. For each i P

rms, write ϕi :“ ϕpxiq. Define RP :“
`

xPϕi, PϕjyH
˘m

i,j“1
, and RQ :“

`

xQϕi, QϕjyH
˘m

i,j“1
. Since P and

Q are complementary orthogonal projections, we have R “ RP `RQ, therefore, RQ “ 1
a Cm `X ´RP .

Next, we set M :“ RP ´X. Then

rankpMq ď rankpRP q ` rankpXq ď s` r.

Consider the subspace
U :“ kerpMq X 1K.

Since dimp1Kq “ m´ 1 and dimkerpMq “ m´ rankpMq ě m´ ps` rq, we obtain

dimU ě m´ 1 ´ ps` rq.

If u P U , then Mu “ 0 and u P 1K, so Cmu “ u. Therefore

RQu “

ˆ

1

a
Cm ´M

˙

u “
1

a
u.

Thus every vector in U is an eigenvector of RQ with eigenvalue 1
a . Since RQ is a Gram matrix, it is

positive semidefinite. Hence

TrpRQq ě
dimU

a
ě
m´ 1 ´ ps` rq

a
.

On the other hand, TrpRQq “
řm
i“1 }Qϕi}

2
H . Therefore

max
1ďiďm

}Qϕi}
2
H ě

1

m

m
ÿ

i“1

}Qϕi}
2
H “

trpRQq

m
ě
m´ r ´ 1 ´ s

am
.

Since Q “ IH ´ P , this is exactly (16).

26



The next lemma approximates Γ0 on dyadic shells.

Lemma 3.4. Fix δ ą 0. Then for every integer L ě 1, there exists a subspace VL Ď Hβ such that
dimpVLq ď Cp,k,δ L and for all x P r´1, 1s,

dist
`

Γ0pxq,VL
˘2

ď 2pδ2|x|p ` Cp,k 2
´Lp, (17)

where distpξ, V q :“ infzPV }ξ ´ z}Hβ
.

Proof of Lemma 3.4. Consider the compact intervals I` :“ r1{2, 1s and I´ :“ r´1,´1{2s. Since
Γ0 is continuous, the sets Γ0pI`q and Γ0pI´q are compact in Hβ. Hence there exist finite sets
U` “ tu`

1 , . . . , u
`
N`

u Ď I` and U´ “ tu´
1 , . . . , u

´
N´

u Ď I´ such that dist
`

Γ0pxq, V`

˘

ď δ for all

x P I`, and dist
`

Γ0pxq, V´

˘

ď δ for all x P I´, where V` :“ spantΓ0pu`
1 q, . . . ,Γ0pu`

N`
qu and V´ :“

spantΓ0pu´
1 q, . . . ,Γ0pu´

N´
qu.

For each j “ 0, 1, . . . , L´ 1, define Vj,` :“ T2´jV` and Vj,´ :“ T2´jV´. Now set

VL :“
L´1
ÿ

j“0

pVj,` ` Vj,´q.

Then dimpVLq ď pN` ` N´qL “: Cp,k,δL for some Cp,k,δ ą 0. Let x P r´1, 1s. If x P p2´j´1, 2´js

for some 0 ď j ď L ´ 1, write x “ 2´ju, u P r1{2, 1s. Choose v P V` with }Γ0puq ´ v}Hβ
ď δ. Then

T2´jv P Vj,` Ď VL, and by the Proposition 3.2 (ii),

dist
`

Γ0pxq,VL
˘2

ď }T2´j pΓ0puq ´ vq}2Hβ
“ 2´jp}Γ0puq ´ v}2Hβ

ď 2´jpδ2.

Since x P p2´j´1, 2´js, we have 2´jp ď 2p|x|p, and therefore

dist
`

Γ0pxq,VL
˘2

ď 2pδ2|x|p.

If x P r´2´j ,´2´j´1q for some 0 ď j ď L´ 1, write x “ 2´ju, u P r´1,´1{2s. Choose v P V´ with
}Γ0puq ´ v}Hβ

ď δ. Then T2´jv P Vj,´ Ď VL, and similarly

dist
`

Γ0pxq,VL
˘2

ď 2´jpδ2 ď 2pδ2|x|p.

Finally, if |x| ď 2´L, then 0 P VL, so

dist
`

Γ0pxq,VL
˘2

ď }Γ0pxq}2Hβ
.

If x ‰ 0, write x “ |x|σ with σ P t´1, 1u. Then

}Γ0pxq}Hβ
“ }T|x|Γ0pσq}Hβ

“ |x|p{2}Γ0pσq}Hβ
.

Therefore
}Γ0pxq}2Hβ

ď Cp,k|x|p ď Cp,k2
´Lp.

The same is trivial when x “ 0. This proves (17).

Lemma 3.5. Let A “ tx1, . . . ,xmu be an equilateral set in pRn, } ¨ }pq, and normalize the common
distance to be 1. After translation, assume x1 “ 0. For each coordinate t P rns and s P r´1, 1s, define

Θtpsq :“
`?
cp,k Γ0psq, M

1{2
`,0w0psq

˘

P Hβ ‘ R4k,

and
Utpsq :“ M

1{2
´,0w0psq P R4k.

For each xi P A, define Θi :“
Àn

t“1Θtpxi,tq, Ui :“
Àn

t“1 Utpxi,tq. Let Θ :“ 1
m

řm
i“1Θi, U :“ 1

m

řm
i“1 Ui,

and set rΘi :“ Θi ´ Θ, rUi :“ Ui ´ U. Let R :“
`

xrΘi, rΘjy
˘m

i,j“1
and X :“

`

xrUi, rUjy
˘m

i,j“1
. Then X is

positive semidefinite, rankpXq ď 4kn and R “ 1
2Cm `X, where Cm :“ Im ´ 1

mJm.
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Proof of Lemma 3.5. Since each rUi belongs to pR4kqn, the matrix X is a Gram matrix, hence positive
semidefinite, and rankpXq ď 4kn.

Let λ “ pλ1, . . . , λmq P 1K. Here and below, we write

}λ}22 :“
m
ÿ

i“1

λ2i .

Since centering does not change the sums
řm
i“1 λiΘi and

řm
i“1 λiUi, we can apply Proposition 3.2

coordinatewise and sum over all coordinates. Because A is equilateral of common distance 1,

´
1

2

m
ÿ

i,j“1

λiλj}xi ´ xj}
p
p “

1

2
}λ}22.

On the other hand, the Proposition 3.2 (i) gives

1

2
}λ}22 “

›

›

›

›

›

m
ÿ

i“1

λirΘi

›

›

›

›

›

2

´

›

›

›

›

›

m
ÿ

i“1

λi rUi

›

›

›

›

›

2

“ λJpR ´Xqλ.

Since also for λ P 1K, we have

λJ

ˆ

1

2
Cm

˙

λ “
1

2
}λ}22

which further yields that

λJ

ˆ

R ´X ´
1

2
Cm

˙

λ “ 0

for all λ P 1K. Now the matrix A0 :“ R´X ´ 1
2Cm is symmetric and satisfies A01 “ 0, because R, X,

and Cm all annihilate 1. By polarization, A0 vanishes on 1K ˆ 1K, and hence A0 “ 0. This proves the
lemma.

3.4 Proof of the logarithmic upper bound

We are now ready to prove Theorem 1.3.

Proof of Theorem 1.3. Let A “ tx1, . . . ,xmu be an equilateral set in pRn, } ¨ }pq. By scaling, we may
assume that the common distance is 1. After translation, we may assume that x1 “ 0. Then for every
xi “ pxi,1, . . . , xi,nq P A with xi,t P r´1, 1s, we have

n
ÿ

t“1

|xi,t|
p ď 1. (18)

Define Θi, Ui, rΘi, rUi, R,X exactly as in Lemma 3.5. By that lemma, we can see R “ 1
2Cm `X with

rankpXq ď 4kn. (19)

Fix δ ą 0 so that

cp,k2
pδ2 ď

1

8
. (20)

For an integer L ě 1, let VL be given by Lemma 3.4, and define

Z0pLq :“ VL ‘M
1{2
`,0R

4k Ď Hβ ‘ R4k.
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Then dimZ0pLq ď C 1
p,kL for some constant C 1

p,k ą 0. Set ZpLq :“
Àn

t“1 Z0pLq. Hence

dimZpLq ď C 1
p,k nL. (21)

Fix i P rms. Since M
1{2
`,0R4k Ď Z0pLq, the distance from the t-th coordinate block of Θi to Z0pLq is

controlled only by the Hilbert component. Thus Lemma 3.4 yields

distpΘi, ZpLqq2 ď

n
ÿ

t“1

cp,k dist
`

Γ0pxi,tq,VL
˘2

ď

n
ÿ

t“1

´

cp,k2
pδ2|xi,t|

p ` cp,kCp,k2
´Lp

¯

.

Using (18) and (20), we obtain

distpΘi, ZpLqq2 ď
1

8
` C2

p,k n2
´Lp

for some constant C2
p,k ą 0. Choose L :“ max

!

1,
Q

1
p log2p8C2

p,knq

U)

. Then C2
p,kn2

´Lp ď 1
8 , and hence

max
1ďiďm

distpΘi, ZpLqq2 ď
1

4
. (22)

Define W :“ spanpΘ, ZpLqq. Then dimW ď dimZpLq ` 1. Moreover, for each i,

distprΘi,W q ď distpΘi, ZpLqq.

Indeed, if z P ZpLq, then z ´ Θ P W , and rΘi ´ pz ´ Θq “ Θi ´ z. Now apply Proposition 3.3 to the
centered family trΘ1, . . . , rΘmu, with a “ 2, r ď 4kn, and s “ dimW. Using (19), we get

max
1ďiďm

distprΘi,W q2 ě
m´ 4kn´ 1 ´ dimW

2m
.

Combining this with (22), we obtain

m´ 4kn´ 1 ´ dimW

2m
ď

1

4
.

Since dimW ď dimZpLq ` 1, this gives

m´ 4kn´ dimZpLq ´ 2

2m
ď

1

4
.

Therefore m ď 2
`

4kn` dimZpLq ` 2
˘

. Using (21), we conclude that

m ď 2
`

4kn` C 1
p,knL` 2

˘

.

Since L “ max
!

1,
Q

1
p log2p8C2

p,knq

U)

, we have

m ď Cp,kn logp2nq

for some Cp,k ą 0. This finishes the proof.
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4 Equilateral sets in pTn, dpq: improved upper bounds

In this section we prove Theorem 1.5. Compared with the Euclidean problem, the toroidal problem
has an additional obstruction: in one dimension the cyclic distance dTpx, yq “ mint|x´ y|, 1 ´ |x´ y|u

is only piecewise a real-line distance. It switches branches at the antipodal point y “ x` 1{2, where
dTpx, yqp has a corner. This loss of smoothness produces an additional wrap-around contribution in the
associated kernel, so the sign-controlled kernel decompositions used in Rn do not apply directly. Our
proof first shows that the small-distance case reduces to the Euclidean setting, so that it remains to
treat equilateral sets with large common distance. We then reduce the argument to a one-dimensional
estimate for the anchored torus kernel. This kernel is split into a real-line part and a genuinely toroidal
correction, the latter capturing precisely the corner contribution near the antipodal point. The real-line
part is controlled by the Hilbert-space approximation developed earlier, while the toroidal correction is
reduced to one-sided corner kernels and estimated by low-rank approximation with small positive trace
error. After summing over the coordinates, this gives the required rank comparison and proves the
theorem.

4.1 Equilateral sets in pRn, } ¨ }pq and pTn, dpq

We begin with a simple embedding observation showing that the torus problem is at least as hard
as the corresponding Euclidean problem. We also explain why on the torus it is enough to treat the
regime of large common distance.

Lemma 4.1. Let n ě 1 be an integer. For 1 ď p ă 8, the following statements hold:

(1) If A Ď pTn, dpq is an equilateral set with common distance λ ă 1{3, then A is isometric to an
equilateral set in pRn, } ¨ }pq.

(2) If B Ď pRn, } ¨}pq is an equilateral set with common distance λ ď 1{2, then B embeds isometrically
into pTn, dpq.

Proof. For (1), translate A so that x˚ “ p1{2, . . . , 1{2q P A. Let x “ px1, . . . , xnq P Aztx˚u. Since
dTpxi, 1{2q ď dppx,x

˚q “ λ ă 1{3 for every i P rns, we have xi P p1{6, 5{6q. Now let x,y P A be
distinct. Then for every i P rns, 1 ´ |xi ´ yi| ą 1{3, whereas dTpxi, yiq ď dppx,yq ă 1{3. Thus the
second branch in the definition of dT cannot occur, and so dTpxi, yiq “ |xi ´ yi| for every i P rns.
Therefore A, viewed inside the cube p1{6, 5{6qn Ď Rn, has the same pairwise distances as in pTn, dpq.
This proves (1).

For (2), let π : Rn Ñ Tn be the coordinatewise quotient map. Let x,y P B be distinct. Since
|xi ´ yi| ď }x ´ y}p “ λ ď 1{2 for every i P rns, we have dTpπpxiq, πpyiqq “ |xi ´ yi|. It follows that
dppπpxq, πpyqq “ }x ´ y}p. Thus π|B is an isometric embedding of B into pTn, dpq.

As an immediate consequence of Lemma 4.1 (2), every equilateral set in pRn, } ¨ }pq can be rescaled
and embedded isometrically into pTn, dpq with the same cardinality. Hence

epℓnp q ď eppTnq.

Lemma 4.1 also shows that the case of small common distance can be reduced to the case where
the common distance is 1{4. Indeed, let A Ď pTn, dpq be an equilateral set with common distance
0 ă λ ď 1{4. By Lemma 4.1 (1), A is isometric to an equilateral set B Ď pRn, } ¨ }pq with the same
common distance λ. Rescaling B by the factor p4λq´1, we obtain an equilateral set in pRn, } ¨ }pq with
common distance 1{4. By Lemma 4.1 (2), this rescaled set embeds isometrically into pTn, dpq. Thus A
has the same cardinality as an equilateral set in pTn, dpq with common distance 1{4. Consequently, in
proving upper bounds for equilateral sets in pTn, dpq, we may and will assume that λ ě 1

4 .
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4.2 Reduction to a one-dimensional statement

We write T “ R{Z, equipped with the circular distance

dTpx, yq “ mint|x´ y|, 1 ´ |x´ y|u,

where x, y are represented in r0, 1q. Equivalently, identifying T with r´1{2, 1{2q, we write

ρpxq :“ dTpx, 0q “ |x|,

where x denotes its representative in r´1{2, 1{2q. Thus dTpx, yq “ ρpx´ yq, with x´ y taken modulo
1. For x,y P Tn, set

dppx,yq “

˜

n
ÿ

t“1

ρpxt ´ ytq
p

¸1{p

.

Throughout this section, for a real symmetric matrix M , we write

tr`pMq :“
ÿ

λipMqą0

λipMq,

where eigenvalues are counted with multiplicity. Define

ϑp :“

$

&

%

0, 1 ď p ď 2,

p´ 2

3p´ 2
, p ą 2.

Notice that, for p ą 2, 1
1´ϑp

“ 3
2 ´ 1

p .
For x, y P T, define the anchored kernel

Bppx, yq :“
1

2

`

ρpxqp ` ρpyqp ´ ρpx´ yqp
˘

.

The key auxiliary tool is the following one-dimensional proposition.

Proposition 4.2. Let p ě 1. Let X “ tx1, . . . , xmu Ď T and let N ě 2. Define Mij :“ Bppxi, xjq
for 1 ď i, j ď m. For every ε ą 0, there exists Cp,ε ą 0 such that there are real symmetric matrices
L,R P Rmˆm satisfying

(1) M ĺ L`R.

(2) rankL ď Cp,ε
`

mϑp ` logp2mq ` logp2Nq
˘

.

(3) tr`pRq ď ε
řm
i“1 ρpxiq

p ` Cp,ε
m
N .

We first show how Proposition 4.2 implies Theorem 1.5.

Proof of Theorem 1.5 assuming Proposition 4.2. Let

A “ tx0,x1, . . . ,xmu Ď pTn, dpq

be an equilateral set with common distance λ. By translation, assume x0 “ 0.
As explained at the end of Subsection 4.1, we may assume that λ ě 1

4 .
For each coordinate t P rns, put pBtqij :“ Bppxi,t, xj,tq for 1 ď i, j ď m. Since dppxi,0q “ λ and

dppxi,xjq “ λ for i ‰ j, we get
n
ÿ

t“1

Bt “
λp

2
pIm ` Jmq. (23)
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Fix ε˚ ą 0, to be chosen later. Choose N :“ rKns ` 2, where K “ Kpp, ε˚q is sufficiently large that
Cp,ε˚

n
N ď ε˚4

´p. Apply Proposition 4.2 to each Bt. Thus there are symmetric matrices Lt, Rt P Rmˆm

such that Bt ĺ Lt `Rt, rankLt ď Cp,ε˚

`

mϑp ` logp2mq ` logp2Nq
˘

, and

tr`pRtq ď ε˚

m
ÿ

i“1

ρpxi,tq
p ` Cp,ε˚

m

N
.

Set LB :“
řn
t“1 Lt and RB :“

řn
t“1Rt. Then, by (23),

λp

2
pIm ` Jmq ĺ LB `RB.

Moreover, by subadditivity of tr`,

tr`pRBq ď ε˚

m
ÿ

i“1

n
ÿ

t“1

ρpxi,tq
p ` Cp,ε˚

mn

N
ď 2ε˚mλ

p,

where we used λ ě 1{4 and the choice of N .
Let s “ rankLB, and let P be the orthogonal projection onto kerLB. Then rankP ě m´ s, and

since PLBP “ 0,

PRBP “ P pLB `RBqP ľ P
λp

2
pIm ` JmqP ľ

λp

2
P.

For every real symmetric matrix R and every orthogonal projection P , one has

tr`pRq ě trpPRP q.

Therefore

2ε˚mλ
p ě tr`pRBq ě trpPRBP q ě

λp

2
pm´ sq.

Taking ε˚ “ 1{16, we obtain m´ s ď m
4 , and hence m ď 2s.

On the other hand,

s “ rankLB ď nCp,ε˚

`

mϑp ` logp2mq ` logp2Nq
˘

.

Thus
m ď Cpn

`

mϑp ` logp2mq ` logp2nq
˘

(24)

for some constant Cp ą 0.
If 1 ď p ď 2, then ϑp “ 0. Hence m ď Cpn logp2mq ` Cpn logp2nq. The elementary bootstrap

estimate gives
m ď Cpn logp2nq.

Now suppose p ą 2. If m ď n1{p1´ϑpq, then the desired bound already follows. Otherwise
m ą n1{p1´ϑpq. Since ϑp ą 0, we have

logp2mq ` logp2nq ď Cpm
ϑp .

Thus (24) gives m ď Cpnm
ϑp . Consequently,

m ď Cpn
1{p1´ϑpq “ Cpn

3{2´1{p.

Since |A| “ m` 1, the theorem follows after adjusting the constant Cp.
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4.3 Preliminaries for the one-dimensional proposition

We first record a linear algebra observation.

Lemma 4.3. Let A,D P Rmˆm be symmetric matrices and let Cm :“ Im´ 1
mJm. If CmACm ĺ CmDCm,

then there exists b P Rm such that
A ĺ D ` 1bT ` b1T.

Moreover, if CmACm “ CmDCm, then b may be chosen so that equality holds.

Proof of Lemma 4.3. Put S :“ D ´A. The assumption says that CmSCm ľ 0 on 1K. Decompose

Rm “ 1K ‘ spant1u.

The matrix 1bT ` b1T does not change the restriction to 1K. By choosing the component of b inside
1K, we can cancel the off-diagonal block between 1K and spant1u. Then choosing the component of b
in the direction of 1 sufficiently large makes the remaining scalar block nonnegative. Hence

S ` 1bT ` b1T ľ 0,

which is the desired domination. If CmSCm “ 0, the same block computation allows us to choose b so
that the resulting matrix is identically zero.

Lemma 4.4. Let p ě 1. For every ε ą 0, there exists Cp,ε ą 0 such that the following holds. Let
x1, . . . , xm P r´1{2, 1{2s, and let N ě 2. Define

pBRqij :“
1

2

`

|xi|
p ` |xj |

p ´ |xi ´ xj |
p
˘

.

Then there are symmetric matrices LR, RR P Rmˆm such that

(1) BR ĺ LR `RR.

(2) rankLR ď Cp,ε logp2Nq.

(3) RR ľ 0 and trpRRq ď ε
řm
i“1 |xi|

p ` Cp,ε
m
N .

Proof of Lemma 4.4. If p “ 2h is an even integer, then

1

2

`

|x|2h ` |y|2h ´ |x´ y|2h
˘

is a polynomial in x and y of degree bounded in terms of p. Hence BR has rank at most Cp. Taking
LR :“ BR and RR :“ 0 gives the desired conclusion. Therefore, it suffices to consider the case
p P p2k, 2k ` 2q.

First suppose p P p4q ` 2, 4q ` 4q for some integer q ě 0. Set d :“
X

p
2

\

“ 2q ` 1. Let
A0 :“ tx1, . . . , xmu Ď R, where repetitions ignored. By Lemma 2.6, there are real constants
C2pA0, pq, . . . , C2dpA0, pq such that

Kpx, yq :“
d
ÿ

r“1

C2rpA0, pqpx´ yq2r ´ |x´ y|p

is conditionally negative definite on A0. Define Kij :“ Kpxi, xjq, and Pij :“ ´1
2

řd
r“1C2rpA0, pqpxi ´

xjq
2r. Since Cm1 “ 0, we have

CmBRCm “
1

2
CmKCm ` CmPCm.
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By Lemma 2.3, ´CmKCm ľ 0, and hence

CmBRCm ĺ CmPCm.

Lemma 4.3 therefore gives a vector b P Rm such that

BR ĺ P ` 1bT ` b1T.

The matrix P has rank at most 2d` 1, and consequently

rank
`

P ` 1bT ` b1T
˘

ď Cp.

Thus we may take LR :“ P ` 1bT ` b1T and RR :“ 0. This proves the lemma in this case.
It remains to consider the case p P p4q, 4q ` 2q for some integer q ě 0, with p ě 1. Let

Γ0,w0,M`,0,M´,0 be the objects supplied by Proposition 3.2, and put

W :“
“

w0px1q w0px2q ¨ ¨ ¨ w0pxmq
‰

P R4qˆm.

For every λ P 1K, Proposition 3.2 (i) gives

λTBRλ “ cp,q

›

›

›

›

›

m
ÿ

i“1

λiΓ0pxiq

›

›

›

›

›

2

Hβ

` λTWTpM`,0 ´M´,0qWλ.

By Lemma 4.3, in the equality case, there exists b P Rm such that

BR “ cp,q
`

xΓ0pxiq,Γ0pxjqyHβ

˘m

i,j“1
`WTpM`,0 ´M´,0qW ` 1bT ` b1T.

We approximate the Hilbert part by dyadic shells. By compactness of Γ0pr1{4, 1{2s Y r´1{2,´1{4sq,
there is a finite-dimensional subspace V0 Ď Hβ such that

distpΓ0puq, V0q2 ď 4´pε

for every u with 1{4 ď |u| ď 1{2. Let L0 :“
Q

1
p log2N

U

` 3 and VN :“
řL0
ℓ“0 T2´ℓV0. Then

dimVN ď Cp,ε logp2Nq.

Claim 4.5. distpΓ0pxq, VN q2 ď ε|x|p ` Cp,εN
´1 for |x| ď 1

2 .

Proof of the claim. If 2´ℓ´2 ă |x| ď 2´ℓ´1 for some 0 ď ℓ ď L0, then x “ 2´ℓu for some u with
1{4 ă |u| ď 1{2. By Proposition 3.2 (ii),

distpΓ0pxq, VN q2 ď 2´ℓp distpΓ0puq, V0q2 ď 4´pε 2´ℓp ď ε|x|p.

If |x| ď 2´L0´2, then 0 P VN , and By Proposition 3.2 (ii) also gives

distpΓ0pxq, VN q2 ď }Γ0pxq}2Hβ
ď Cp|x|p ď Cp2

´L0p ď CpN
´1.

This proves the claim. ■

Let PN be the orthogonal projection onto VN . Define

pLRqij :“ cp,qxPNΓ0pxiq, PNΓ0pxjqyHβ
`
`

WTpM`,0 ´M´,0qW
˘

ij
` bi ` bj ,

and set RR :“ BR ´ LR. Then

pRRqij “ cp,qxpI ´ PN qΓ0pxiq, pI ´ PN qΓ0pxjqyHβ
,

so RR ľ 0. Moreover,
rankLR ď dimVN ` Cp ď Cp,ε logp2Nq,

and

trpRRq “ cp,q

m
ÿ

i“1

}pI ´ PN qΓ0pxiq}2Hβ
ď ε

m
ÿ

i“1

|xi|
p ` Cp,ε

m

N
.

This completes the proof.
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4.4 The toroidal correction

We next treat the genuinely toroidal correction.

Lemma 4.6. Let ψ : r0, 1s Ñ R be absolutely continuous, let ψp0q “ 0, and assume that ψ1 has bounded
variation on r0, 1s. Then there exists a constant Aψ ă 8 such that the following holds. For every
0 ă τ ď 1, every u1, . . . , ur, v1, . . . , vs P r0, τ s, and every integer N ě 1, the matrixMij :“ ψppvj´uiq`q

admits a decomposition M “ E ` H such that }E}S1 ď Aψ
τ

?
rs

N , and rankH ď N. Moreover, after
increasing Aψ if necessary, one has |ψptq| ď Aψt for 0 ď t ď 1.

Proof of Lemma 4.6. Choose a representative of ψ1 of bounded variation, and put Lψ :“ }ψ1}L8p0,1q

and Vψ :“ Varr0,1spψ
1q. Since ψp0q “ 0, the Lipschitz bound follows from absolute continuity once

Aψ ě Lψ.
Fix 0 ă τ ď 1. Define a function gτ on r´2, 2s by

gτ ptq “

$

’

&

’

%

0, ´2 ď t ď 0,

ψpτtq, 0 ď t ď 1,

p2 ´ tqψpτq, 1 ď t ď 2.

Extend gτ to a continuous 4-periodic function on R. On r´1, 1s, we have gτ ptq “ ψppτtq`q. The
distributional second derivative of this periodic function is a finite signed periodic measure, and

}g2
τ }TVpR{4Zq ď CτpLψ ` Vψq.

Also, }gτ }L8pr´2,2sq ď Lψτ. Let gτ ptq “
ř

ℓPZ pgτ pℓqeπiℓt{2 be the Fourier series on the period-four circle.
For ℓ ‰ 0, two integrations by parts in the sense of distributions give

|pgτ pℓq| ď
CτpLψ ` Vψq

ℓ2
.

Moreover, |pgτ p0q| ď Lψτ . Hence, for all K ě 0,

ÿ

|ℓ|ąK

|pgτ pℓq| ď
Bψτ

K ` 1
,

where Bψ depends only on ψ.
For u, v P r0, τ s, the number pv ´ uq{τ belongs to r´1, 1s. Hence

ψppv ´ uq`q “ gτ

ˆ

v ´ u

τ

˙

“
ÿ

ℓPZ
pgτ pℓqe´πiℓu{p2τqeπiℓv{p2τq.

Let K :“
X

N´1
2

\

, and let H be the real matrix obtained by keeping only the modes |ℓ| ď K. The term
ℓ “ 0 has rank at most 1, and the modes ℓ and ´ℓ together have real rank at most 2. Thus

rankH ď 2K ` 1 ď N.

The remainder is a sum of separated rank-one matrices. Since each separated vector has Euclidean
norm

?
r or

?
s, we get

}E}S1 ď
ÿ

|ℓ|ąK

|pgτ pℓq|
?
rs ď Aψ

τ
?
rs

N
.

This proves the lemma.
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For 0 ď t ď 1, define
ρpptq :“ 2´p

`

p1 ` tqp ´ p1 ´ tqp
˘

.

Lemma 4.7. Let m ě 1, let r ` s ď m, and let u1, . . . , ur, v1, . . . , vs P r0, 1s. Define Mij :“ ρp
`

pvj ´

uiq`

˘

. For every η P p0, 1s, there is a decomposition M “ E `H such that }E}S1 ď η
´

r `
řs
j“1 v

p
j

¯

,

and rankH ď Cp,η
`

mϑp ` logp2mq
˘

.

Proof of Lemma 4.7. The function ρp satisfies the assumptions of Lemma 4.6. Indeed, ρpp0q “ 0, ρp is
absolutely continuous, and

ρ1
pptq “ p2´p

`

p1 ` tqp´1 ` p1 ´ tqp´1
˘

,

with the obvious interpretation when p “ 1. Hence ρ1
p has bounded variation on r0, 1s. Let Ap :“ Aρp

be the constant from Lemma 4.6. We then split the proof into the three regimes 1 ď p ă 2, p “ 2, and
p ą 2.

First assume 1 ď p ă 2. Put

τ˚ :“ min

"

1,
η

16Apm

*

.

All columns with vj ď τ˚ are put into the error. Since |ρpptq| ď Apt, we get

}Ebot}S1 ď Apτ˚rs ď
ηr

16
.

For the remaining columns, use dyadic column scales Cℓ Ď pτ˚, 1s. For each scale, denote its upper
endpoint by τℓ, so that τℓ

2 ă vj ď τℓ for every j P Cℓ, except possibly for the first or last truncated
scale, which only changes the absolute constants. Set Rℓ :“ ti : ui ă τℓu, rℓ :“ |Rℓ|, sℓ :“ |Cℓ|, and
Bℓ :“

ř

jPCℓ
vpj . The block Rℓ ˆ Cℓ contains all nonzero entries from this scale. Moreover,

sℓτ
p
ℓ ď 2p

ÿ

jPCℓ

vpj “ 2pBℓ.

Apply Lemma 4.6 to this block with N0 :“
P

CpApη
´1
T

. Then

}Eℓ}S1 ď Ap
τℓ

?
rℓsℓ
N0

.

Now

τℓ
?
rℓsℓ “

b

τ2´p
ℓ rℓ

b

sℓτ
p
ℓ ď Cp

`

τ2´p
ℓ rℓ `Bℓ

˘

.

Since 2 ´ p ą 0, the dyadic sum is summable:

ÿ

ℓ

τ2´p
ℓ rℓ “

r
ÿ

i“1

ÿ

ℓ:uiăτℓ

τ2´p
ℓ ď Cpr.

Also,
ř

ℓBℓ ď
řs
j“1 v

p
j . Thus, after choosing the constant in N0 sufficiently large,

ÿ

ℓ

}Eℓ}S1 ď
η

2

˜

r `

s
ÿ

j“1

vpj

¸

.

Together with the bottom scale, this gives the required error estimate. The rank is at most a constant
depending on p, η times the number of scales. Since τ´1

˚ ď Cp,ηm, we get

rankH ď Cp,η logp2mq.
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Next assume p “ 2. Then ρ2ptq “ t. Put τ˚ :“ min
␣

1, η
16m

(

. The columns with vj ď τ˚ are put
into the error, giving

}Ebot}S1 ď τ˚rs ď
ηr

16
.

For each non-bottom dyadic column scale Cℓ, denote its upper and lower endpoints by τℓ and
τ ℓ, and put sℓ :“ |Cℓ| and Bℓ :“

ř

jPCℓ
v2j . Split the relevant rows as R´

ℓ :“ ti : ui ď τ ℓu and

R`
ℓ :“ ti : τ ℓ ă ui ă τℓu. Rows with ui ě τℓ give zero entries on Cℓ. If i P R´

ℓ and j P Cℓ, then ui ă vj ,
and hence pvj ´ uiq` “ vj ´ ui. Thus the block R´

ℓ ˆ Cℓ has rank at most 2, and is put entirely into
the low-rank part.

On R`
ℓ ˆ Cℓ, apply Lemma 4.6 to ψptq “ t with N0 :“

P

Cη´1
T

. Writing r`
ℓ :“ |R`

ℓ |, we obtain

}Eℓ}S1 ď C
τℓ

b

r`
ℓ sℓ

N0
.

Since

τℓ

b

r`
ℓ sℓ ď

1

2
r`
ℓ `

1

2
sℓτ

2
ℓ ď

1

2
r`
ℓ ` CBℓ,

and since the row bands R`
ℓ are disjoint, we have

ř

ℓ r
`
ℓ ď r. Also

ř

ℓBℓ ď
ř

j v
2
j . Hence the total

error is bounded by η
´

r `
ř

j v
2
j

¯

, after increasing the constant in N0. The rank contribution per

scale is at most 2 `N0, so rankH ď Cη logp2mq.

Finally assume p ą 2. Put θ :“ ϑp “
p´2
3p´2 , M0 :“ mθ and τ0 :“ m´2{p3p´2q. Then τ

1´p{2
0 “ M0

and τ0
b

m
M0

“ M0. Let

C0 :“ tj : 0 ď vj ď τ0u

be the bottom scale. For the remaining columns use dyadic scales

Cℓ :“ tj : 2ℓ´1τ0 ă vj ď 2ℓτ0u,

for ℓ ě 1, with the last scale truncated at 1. The number of non-bottom scales is at most Cp logp2mq.
First consider the bottom scale. Put R0 :“ ti : ui ă τ0u, r0 :“ |R0| and s0 :“ |C0|. If r0 ď M0,

put the whole bottom block into the low-rank part, and its rank is at most M0. If r0 ą M0, apply
Lemma 4.6 with N0 :“

P

CpApη
´1M0

T

. Since s0 ď m and r0 ą M0,

τ0
?
r0s0 ď τ0r0

c

m

r0
ď τ0r0

c

m

M0
“ M0r0.

Therefore the bottom error is at most ηr0{4, after choosing the constant in N0 large enough, and the
bottom rank is Op,ηpM0q.

Now consider non-bottom scales ℓ ě 1. Define Rℓ :“ ti : ui ă τℓu, rℓ :“ |Rℓ|, sℓ :“ |Cℓ| and

Bℓ :“
ř

jPCℓ
vpj . As before, sℓτ

p
ℓ ď CpBℓ. Set γ :“ p´2

3 , S :“
ř

ℓě1 τ
´γ
ℓ and αℓ :“

τ´γ
ℓ
S . If there are no

non-bottom scales, there is nothing to prove. Otherwise
ř

ℓ αℓ “ 1. Apply Lemma 4.6 on the ℓ-th

block with Nℓ :“

R

CpApη
´1 τ

1´p{2
ℓ?
αℓ

V

. Then

}Eℓ}S1 ď Ap
τℓ

?
rℓsℓ
Nℓ

ď Cpη
?
αℓrℓ

b

sℓτ
p
ℓ .

Using 2ab ď a2 ` b2, we obtain

}Eℓ}S1 ď
η

4
αℓrℓ ` CpηBℓ.
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Summing in ℓ, and using
ř

ℓ αℓrℓ ď r and
ř

ℓBℓ ď
ř

j v
p
j , the total non-bottom error is bounded by

η
2

´

r `
ř

j v
p
j

¯

, after adjusting constants.

It remains to estimate the rank. We have

ÿ

ℓ

Nℓ ď Cp logp2mq ` Cp,η
ÿ

ℓ

τ
1´p{2
ℓ
?
αℓ

.

Since α
´1{2
ℓ “ S1{2τ

γ{2
ℓ and 1 ´

p
2 `

γ
2 “ ´γ, we get

ÿ

ℓ

τ
1´p{2
ℓ
?
αℓ

“ S1{2
ÿ

ℓ

τ´γ
ℓ “ S3{2.

The dyadic sum is dominated by its first term: S ď Cpτ
´γ
0 . Therefore

S3{2 ď Cpτ
´3γ{2
0 “ Cpτ

´pp´2q{2
0 “ Cpm

pp´2q{p3p´2q “ CpM0.

Thus the non-bottom rank is at most Cp,η
`

M0 ` logp2mq
˘

. Including the bottom scale gives the same
bound. This completes the proof.

Proposition 4.8. Let X “ pz1, . . . , zmq Ď r´1{2, 1{2s, and define Wppx, yq :“ |x ´ y|p ´ ρpx ´ yqp.
Let WppXq :“

`

Wppzα, zβq
˘m

α,β“1
. For every ε P p0, 1s, there is a decomposition WppXq “ F `G into

real symmetric matrices such that tr`pF q ď ε
řm
ℓ“1 |zℓ|

p and rankG ď Cp,ε
`

mϑp ` logp2mq
˘

.

Proof of Proposition 4.8. Reorder the sample so that the positive points come first and the negative
points second. Points equal to 0 give zero rows and columns in WppXq, and may be ignored.

Write the positive points as xi “
ai
2 , with ai P p0, 1s, and the negative points as yj “ ´

bj
2 , with

bj P p0, 1s.
Same-sign pairs give no contribution, since then |x´ y| ď 1{2 and hence ρpx´ yq “ |x´ y|.
For an opposite-sign pair x “ a{2 ą 0, y “ ´b{2 ă 0, one has

|x´ y| “
a` b

2
.

If a` b ď 1, then again ρpx´ yq “ |x´ y|, so Wppx, yq “ 0. If a` b ą 1, then

ρpx´ yq “ 1 ´
a` b

2
“

2 ´ a´ b

2
.

Therefore, in all cases,
Wppx, yq “ ρp

`

pa` b´ 1q`

˘

,

where ρpptq “ 2´p
`

p1 ` tqp ´ p1 ´ tqp
˘

. Thus, after the above ordering,

WppXq “

ˆ

0 D
DT 0

˙

,

where Dij “ ρp
`

pai ` bj ´ 1q`

˘

.
Split the positive and negative indices into

Ihi :“ ti : ai ě 1{2u, Ilo :“ ti : ai ă 1{2u,

and
Jhi :“ tj : bj ě 1{2u, Jlo :“ tj : bj ă 1{2u.
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On Ilo ˆ Jlo, one has ai ` bj ă 1, and hence the corresponding block of D vanishes.
First consider the block Ihi ˆ t1, . . . , su. Put ui :“ 1 ´ ai and vj :“ bj . Then ai ` bj ´ 1 “ vj ´ ui,

and the block has the form ρp
`

pvj ´ uiq`

˘

. Applying Lemma 4.7 with parameter η P p0, 1s, we get a
decomposition of this block into E1 `H1, with

}E1}S1 ď η

˜

|Ihi| `
ÿ

j

bpj

¸

and rankH1 ď Cp,η
`

mϑp ` logp2mq
˘

. Since ai ě 1{2 on Ihi, |Ihi| ď 2p
ř

iPIhi
api . Thus

}E1}S1 ď Cpη

˜

ÿ

i

api `
ÿ

j

bpj

¸

.

Next consider the block Ilo ˆJhi. Transpose it and put uj :“ 1´ bj and vi :“ ai. Then ai ` bj ´ 1 “

vi ´ uj , so the transposed block again has the form ρp
`

pvi ´ ujq`

˘

. Lemma 4.7 gives a decomposition
E2 `H2, with

}E2}S1 ď η

˜

|Jhi| `
ÿ

iPIlo

api

¸

and rankH2 ď Cp,η
`

mϑp ` logp2mq
˘

. Since bj ě 1{2 on Jhi, |Jhi| ď 2p
ř

jPJhi
bpj , and therefore

}E2}S1 ď Cpη

˜

ÿ

i

api `
ÿ

j

bpj

¸

.

Combining the two rectangular pieces, we obtainD “ ED`HD, with }ED}S1 ď Cpη
´

ř

i a
p
i `

ř

j b
p
j

¯

,

and rankHD ď Cp,η
`

mϑp ` logp2mq
˘

.
Now embed this rectangular decomposition into the full symmetric matrix:

F :“

ˆ

0 ED
ET
D 0

˙

, G :“

ˆ

0 HD

HT
D 0

˙

.

Then
WppXq “ F `G.

The nonzero eigenvalues of F are precisely the singular values of ED, with both signs. Hence

tr`pF q “ }ED}S1 .

Also, rankG ď 2 rankHD. Consequently,

tr`pF q ď Cpη

˜

ÿ

i

api `
ÿ

j

bpj

¸

,

and rankG ď Cp,η
`

mϑp ` logp2mq
˘

.
Finally, since ai “ 2|xi| and bj “ 2|yj |, we have

ÿ

i

api `
ÿ

j

bpj “ 2p
m
ÿ

ℓ“1

|zℓ|
p.

Choosing η “ ε{pCp2
pq, we obtain

tr`pF q ď ε
m
ÿ

ℓ“1

|zℓ|
p.

The rank estimate becomes
rankG ď Cp,ε

`

mϑp ` logp2mq
˘

.

This completes the proof.
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4.5 Proof of the one-dimensional proposition

Proof of Proposition 4.2. Let ε0 :“ ε
2 . We identify T with r´1{2, 1{2q, and write xi also for the

representative of xi in this interval. Thus ρpxiq “ |xi|. For x, y P r´1{2, 1{2q, define

BRpx, yq :“
1

2

`

|x|p ` |y|p ´ |x´ y|p
˘

,

and

W px, yq :“
1

2

`

|x´ y|p ´ ρpx´ yqp
˘

.

Then
Bppx, yq “ BRpx, yq `W px, yq,

and hence the matrix M decomposes as M “ BR `W.
By Lemma 4.4, applied with ε0, there are real symmetric matrices LR, RR such that BR ĺ LR `RR,

rankLR ď Cp,ε logp2Nq, RR ľ 0, and

tr`pRRq “ trpRRq ď ε0

m
ÿ

i“1

|xi|
p ` Cp,ε

m

N
.

By Proposition 4.8, applied with ε0, the matrix

WppXq “
`

|xi ´ xj |
p ´ ρpxi ´ xjq

p
˘m

i,j“1

admits a decomposition WppXq “ F0 `G0 such that tr`pF0q ď ε0
řm
i“1 |xi|

p, and

rankG0 ď Cp,ε
`

mϑp ` logp2mq
˘

.

Since W “ 1
2WppXq, we may write W “ F `G with tr`pF q ď ε0

řm
i“1 |xi|

p and

rankG ď Cp,ε
`

mϑp ` logp2mq
˘

.

Finally set L :“ LR `G and R :“ RR ` F. Then

M “ BR `W ĺ LR `RR ` F `G “ L`R.

Moreover,
rankL ď rankLR ` rankG ď Cp,ε

`

mϑp ` logp2mq ` logp2Nq
˘

.

By subadditivity of tr`,

tr`pRq ď tr`pRRq ` tr`pF q ď ε
m
ÿ

i“1

ρpxiq
p ` Cp,ε

m

N
.

This proves the proposition.

5 Lower bounds for eppTnq

5.1 Proof of Theorem 1.6

Let V :“ Fmr be an m-dimensional vector space over Fr, and then |V | “ rm “ q. We write

V ˚ :“ HomFrpV,Frq
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for the dual space of V , namely the set of all Fr-linear maps φ : V Ñ Fr. Elements of V ˚ are called
linear functionals on V . It is a standard fact that V ˚ is again an m-dimensional vector space over Fr.
In particular, |V ˚| “ rm “ q. For these basic facts on dual spaces, see for example [15].

Since r is odd, every nonzero functional φ P V ˚ is distinct from ´φ. Therefore the set V ˚zt0u is
partitioned into disjoint pairs tφ,´φu. Notice that |V ˚zt0u| “ q ´ 1 “ 2n, there are exactly n such
pairs. Choose one representative from each pair and denote them by

φ1, . . . , φn P V ˚zt0u.

We also identify Fr with the set of integers t0, 1, . . . , r ´ 1u, and then with the corresponding subset of
T “ R{Z via

a Ñ
a

r
.

Now define a map η : V Ñ Tn by

ηpxq :“

ˆ

φ1pxq

r
,
φ2pxq

r
, . . . ,

φnpxq

r

˙

.

We claim that ηpV q is an equilateral set in pTn, dpq. Let x,y P V be distinct, and write u :“ x´y ‰ 0.
Consider the evaluation map Eu : V ˚ Ñ Fr, with Eupφq :“ φpuq. Since u ‰ 0, this is a nonzero linear
functional on the m-dimensional space V ˚. Hence Eu is surjective, and every fiber has cardinality
|E´1

u paq| “ rm´1 for each a P Fr. In particular, among all functionals in V ˚,

• exactly rm´1 satisfy φpuq “ a for each a P Fr;

• hence, among the nonzero functionals in V ˚zt0u, exactly rm´1 ´ 1 satisfy φpuq “ 0, and for each
nonzero a P Fˆ

r , exactly r
m´1 satisfy φpuq “ a.

Now pass from nonzero functionals to the chosen representatives φ1, . . . , φn, that is, to the quotient
by the involution φ Ñ ´φ. For each integer t P

␣

1, 2, . . . , r´1
2

(

, the set of nonzero field elements
t˘tu consists of two distinct elements of Fr. Since each of the values t and ´t occurs exactly rm´1

times among all nonzero functionals, it follows that among the chosen representatives φ1, . . . , φn,
exactly rm´1 of them satisfy φjpuq P tt,´tu. Also, exactly rm´1´1

2 of the chosen representatives satisfy
φjpuq “ 0.

By the definitions, for a coordinate j with φjpuq P tt,´tu, the j-th coordinate difference is either
t{r or 1 ´ t{r, and hence the circular distance is exactly t

r . Therefore

dp
`

ηpxq, ηpyq
˘p

“ rm´1
pr´1q{2
ÿ

t“1

ˆ

t

r

˙p

.

Thus ηpV q is indeed an equilateral set in pTn, dpq.
It remains only to note that η is injective. Indeed, if x ‰ y, then u “ x ´ y ‰ 0, and

hence there exists some φ P V ˚ with φpuq ‰ 0. Therefore the pair tφ,´φu contributes one chosen
representative φj with φjpuq ‰ 0, so the j-th coordinates of ηpxq and ηpyq are different. Thus
|ηpV q| “ |V | “ rm “ q “ 2n` 1. This finishes the proof.

5.2 Proof of Theorem 1.7

For an odd prime q and an integer u, write }u}q P

!

0, 1, . . . , q´1
2

)

for the unique integer such that

}u}q ” ˘u pmod qq.We also write χq for the quadratic character modulo q, so that χqp0q “ 0, χqpaq “ 1
if a is a nonzero quadratic residue modulo q, and χqpaq “ ´1 otherwise.

We first construct a q-point equilateral seed from quadratic residues.
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Lemma 5.1. Let q be a prime with q ” 1 pmod 4q. Put M :“ q´1
2 and define Rq :“ ta P t1, . . . ,Mu :

χqpaq “ 1u. For s ą 0, let Fqpsq :“
řM
a“1 χqpaqas. If Fqppq “ 0 for some p ą 0, then

Bq :“

#

bj “

ˆ

aj

q

˙

aPRq

: j P Fq

+

Ď Tpq´1q{4

is a q-point equilateral set in pTpq´1q{4, dpq.

Proof of Lemma 5.1. Since q ” 1 pmod 4q, we have χqp´1q “ 1. Hence the two elements a and ´a
have the same quadratic character. Therefore, among the representatives 1, 2, . . . ,M, exactly half are
quadratic residues. Thus

|Rq| “
M

2
“
q ´ 1

4
.

Let Nq :“ t1, . . . ,MuzRq. Notice that the points bj are distinct. Indeed, if bj “ bk, then for every
a P Rq we have apj ´ kq ” 0 pmod qq. Since a ı 0 pmod qq, this implies j “ k. Hence |Bq| “ q. Now
take j ‰ k, and put h :“ j ´ k P Fˆ

q . Then

dppbj , bkqp “ q´p
ÿ

aPRq

}ah}pq .

If χqphq “ 1, multiplication by h preserves quadratic residues. Since χqp´1q “ 1, it also preserves the
quadratic character on each pair t˘uu. Thus t}ah}q : a P Rqu “ Rq. If χqphq “ ´1, multiplication by h
swaps residues and nonresidues on the pairs t˘uu, and therefore t}ah}q : a P Rqu “ Nq. Consequently,
dppbj , bkqp equals either q´p

ř

uPRq
up or q´p

ř

uPNq
up. Notice that

Fqppq “
ÿ

uPRq

up ´
ÿ

uPNq

up “ 0,

which yields Bq is equilateral.

The next lemma lifts a q-point seed to a larger equilateral set using the standard projective simplex
code.

Lemma 5.2. Let q be a prime, let p ą 0, and let B “ tbα : α P Fqu Ď Tr be a q-point equilateral set in
pTr, dpq, with common nonzero distance δ. Then for every integer m ě 1, the space

`

T rpqm´1q{pq´1q, dp
˘

contains an equilateral set of cardinality qm.

Proof of Lemma 5.2. Let L :“ qm´1
q´1 . Choose representatives v1, . . . ,vL of the one-dimensional sub-

spaces of Fmq . For u P Fmq , define

cpuq :“ pu ¨ v1, . . . ,u ¨ vLq P FLq .

We first recall the standard distance property of this simplex code. If u ‰ u1, put w :“ u ´ u1 ‰ 0.
The coordinates i for which u ¨ vi “ u1 ¨ vi are exactly those for which

vi P wK :“ tx P Fmq : w ¨ x “ 0u.

Since w ‰ 0, the hyperplane wK has dimension m ´ 1, and hence contains qm´1´1
q´1 one-dimensional

subspaces. Therefore the number of coordinates on which cpuq and cpu1q differ is

L´
qm´1 ´ 1

q ´ 1
“ qm´1.
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Now define
Φpuq :“

`

bu¨v1 , . . . , bu¨vL

˘

P pTrqL “ TrL.

If u ‰ u1, then the previous paragraph shows that exactly qm´1 blocks of Φpuq and Φpu1q are different.
In each different block, the two entries are distinct points of the seed B, and therefore contribute δp to
the p-th power of the distance. The remaining blocks contribute 0. Hence

dppΦpuq,Φpu1qqp “ qm´1δp,

independently of the choice of distinct u,u1 P Fmq . Thus tΦpuq : u P Fmq u is equilateral in TrL.
Moreover, if u ‰ u1, then cpuq and cpu1q differ in qm´1 coordinates. In particular, Φpuq ‰ Φpu1q.

Therefore the constructed equilateral set has cardinality |Fmq | “ qm. This completes the proof.

We now show that infinitely many primes provide a seed exponent pq.

Proposition 5.3. There exists a constant Q0 with the following property. Let q ě Q0 be a prime
satisfying q ” 1 pmod 4q and χqp3q “ χqp5q “ χqp7q “ χqp11q “ ´1. Put M :“ q´1

2 and Fqpsq :“
řM
a“1 χqpaqas. Then there exists pq ą

q´1
4 such that Fqppqq “ 0. Consequently, for every integer m ě 1,

if n “
qm´1

4 , then epqpTnq ě 4n` 1.

Proof of Proposition 5.3. For x ą 0, define Hqpxq :“ M´MxFqpMxq. Then

Hqpxq “

M
ÿ

a“1

χqpaq

´ a

M

¯Mx
.

Reindex by writing a “ M ´ j, where 0 ď j ď M ´ 1. Since

M ´ j “
q ´ 1

2
´ j ” ´

2j ` 1

2
pmod qq,

and since q ” 1 pmod 4q, we have χqp´1q “ 1. Put εq :“ χqp2q P t˘1u. Because χqp2q´1 “ χqp2q, we
get

χqpM ´ jq “ χqp´1qχqp2q´1χqp2j ` 1q “ εqχqp2j ` 1q.

Therefore

εqHqpxq “

M´1
ÿ

j“0

χqp2j ` 1q

ˆ

1 ´
j

M

˙Mx

.

We evaluate this expression at x “ 1
2 . The assumptions give χqp1q “ 1, χqp3q “ χqp5q “ χqp7q “

χqp11q “ ´1 and χqp9q “ χqp3q2 “ 1. Hence the first six coefficients χqp2j ` 1q, for j “ 0, 1, . . . , 5, are
1,´1,´1,´1, 1,´1. Thus

εqHq

ˆ

1

2

˙

ď

5
ÿ

j“0

sj

ˆ

1 ´
j

M

˙M{2

`

M´1
ÿ

j“6

ˆ

1 ´
j

M

˙M{2

,

where ps0, s1, s2, s3, s4, s5q “ p1,´1,´1,´1, 1,´1q. For each fixed j,
´

1 ´
j
M

¯M{2
Ñ e´j{2 when

M Ñ 8, and for all 0 ď j ď M ´ 1,
´

1 ´
j
M

¯M{2
ď e´j{2. It follows that

lim sup
qÑ8

εqHq

ˆ

1

2

˙

ď C,
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where C :“ 1 ´ e´1{2 ´ e´1 ´ e´3{2 ` e´2 ´ e´5{2 `
ř8
j“6 e

´j{2. Since
ř8
j“6 e

´j{2 “ e´3

1´e´1{2 , we have

C “ 1 ´ e´1{2 ´ e´1 ´ e´3{2 ` e´2 ´ e´5{2 `
e´3

1 ´ e´1{2
.

Set t :“ e´1{2. Then

C “ 1 ´ t´ t2 ´ t3 ` t4 ´ t5 `
t6

1 ´ t
“
Nptq

1 ´ t
,

where Nptq “ 1 ´ 2t ` 2t4 ´ 2t5 ` 2t6. Notice that 3{5 ă t ă 61{100 and we can also compute that
N 1puq “ 2p6u5 ´ 5u4 ` 4u3 ´ 1q. Then one can check that Nptq is strictly decreasing on r0, 61{100s,
and so

Nptq ă N

ˆ

3

5

˙

“ ´
47

15625
ă 0.

Since 1 ´ t ą 0, we obtain C ă 0. Consequently, there exists Q0 such that for every prime q ě Q0

satisfying the hypotheses, εqHq

`

1
2

˘

ă 0. On the other hand, as x Ñ 8, every term in the expression
for εqHqpxq with j ě 1 tends to 0, while the j “ 0 term is equal to 1. Thus

lim
xÑ8

εqHqpxq “ 1 ą 0.

Since εqHqpxq is continuous on p0,8q, the intermediate value theorem gives some xq ą 1
2 such that

Hqpxqq “ 0. Now set pq :“ Mxq. Then Fqppqq “ 0 and pq ą M ¨ 1
2 “

q´1
4 . Finally, Lemma 5.1 gives a

q-point equilateral set in T
q´1
4 with respect to dpq . Applying Lemma 5.2 with r “

q´1
4 gives, for every

m ě 1, an equilateral set of cardinality qm in T
q´1
4

¨
qm´1
q´1 “ T

qm´1
4 . If n “

qm´1
4 , then qm “ 4n ` 1.

Hence epqpTnq ě 4n` 1.

It remains to show that infinitely many primes satisfy the Legendre-symbol conditions used above.

Lemma 5.4. There exist infinitely many primes q such that q ” 1 pmod 4q and χqp3q “ χqp5q “

χqp7q “ χqp11q “ ´1.

Proof of Lemma 5.4. For each ℓ P t3, 5, 7, 11u, choose a quadratic nonresidue rℓ P pZ{ℓZqˆ. By the
Chinese remainder theorem, there exists an integer r such that r ” 1 pmod 4q and r ” rℓ pmod ℓq
for each ℓ “ 3, 5, 7, 11. In particular, gcdpr, 4 ¨ 3 ¨ 5 ¨ 7 ¨ 11q “ 1. By Dirichlet’s theorem on primes in
arithmetic progressions, there are infinitely many primes q ” r pmod 4620q. For every such prime q,
we have q ” 1 pmod 4q. Hence quadratic reciprocity gives

χqpℓq “ χℓpqq “ χℓprℓq “ ´1

for ℓ “ 3, 5, 7, 11. This proves the lemma.

Proposition 5.3 and Lemma 5.4 together yields Theorem 1.7.

Remark 5.5. For the sake of keeping the proof concise, we have restricted ourselves to a convenient
infinite family of sufficiently large primes q, which already suffices to show that the values of p for which
eppTnq ě 4n` 1 holds for infinitely many n can be chosen arbitrarily large. In fact, if one only asks
for the existence of some pq ą 1, rather than the stronger lower bound pq ą pq ´ 1q{4, then a similar
argument shows that, for every prime q ” 1 pmod 8q, there exists pq ą 1 such that epqpTnq ě 4n` 1

for every m ě 1, where n “
qm´1

4 .
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6 Concluding remarks

We have proved that Kusner’s conjecture holds for every 2 ď p ď 4 and every dimension n. More
generally, for p P r4k ` 2, 4k ` 4s, we obtain the linear bound epℓnp q ď p2k ` 1qn ` 1, while for the
complementary intervals p P p4k, 4k ` 2q, we prove the almost linear estimate epℓnp q ď Cp,kn logp2nq.

The main difficulty in Kusner’s conjecture is that the usual finite-dimensional algebraic methods
are naturally adapted to even exponents. When p is an even integer, the kernel |x´ y|p is polynomial,
and one can hope to control the corresponding distance matrix by rank considerations. Away from
the even integers, however, the kernel is no longer finite rank in any direct sense. This is the central
obstruction behind the problem: one needs a way to extract enough finite-dimensional structure from
a non-polynomial kernel.

Our approach shows that this obstruction can be overcome on the intervals r4k ` 2, 4k ` 4s. The
key point is not simply to approximate |x ´ y|p, but to decompose it with the correct signs. More
precisely, after adding a suitable one-dimensional correction, the remaining kernel is conditionally
negative definite, while the positive oscillatory part has controlled rank. Once the distance matrix
is double-centered, the conditionally negative definite part becomes positive semidefinite and can be
absorbed into the favorable side of the rank comparison. This sign-sensitive decomposition is what
makes a linear bound possible beyond the isolated even cases.

The complementary intervals p4k, 4k ` 2q appear to be genuinely harder. In this range, the same
finite rank correction no longer has the required sign pattern. Our proof instead keeps an infinite-
dimensional Hilbert space component and then approximates it on dyadic shells. The logarithmic
factor in Cp,kn logp2nq comes exactly from this multiscale approximation. Thus the remaining problem
is not merely a matter of sharpening constants, and it asks for a new way to control all scales at once,
or for a stronger use of the global equilateral structure.

Question 6.1. Let p P p4k, 4k ` 2q and p ě 1. Is it true that epℓnp q ď Cpn for all n ě 1?

A positive answer would show that the equilateral number is linear throughout the whole super-
Euclidean range p ą 2. At present, the main obstacle is the lack of a finite-dimensional decomposition
with the correct sign pattern on these intervals.

We also prove new upper bounds for the toroidal problem, namely eppTnq ď Cpn logp2nq for
p P r1, 2s, and eppTnq ď Cpn

3{2´1{p for every fixed p ą 2. The toroidal problem introduces a different
difficulty. Even after anchoring at the origin, the cyclic distance creates a wrap-around correction
which has no analogue in Rn. This correction is supported near the opposite corners of the circle
and is not controlled by the Euclidean kernel alone. Our proof handles it by reducing the problem to
one-sided rectangular kernels and then decomposing these kernels into a low-rank part plus a small
positive-trace error. This mechanism is strong enough to improve Alon’s polynomial bounds for all
finite p, but it still falls short of the expected linear estimate.

Question 6.2. For every fixed p ě 1, is there a constant Cp such that eppTnq ď Cpn for all n ě 1?

Even obtaining such a linear bound in the endpoint cases p “ 1 and p “ 2 seems to require new
ideas. Our bound eppTnq ď Cn logp2nq for p P r1, 2s is within a logarithmic factor of the linear bound
asked for above. It remains unclear, however, whether this logarithmic loss is merely an artifact of the
method or a genuine feature of the toroidal setting.

Finally, the methods developed here suggest a broader principle. In several places, a global
equilateral condition is transformed, after centering, into a rank or positive-trace comparison through
a carefully chosen kernel decomposition. It would be interesting to see whether similar sign-sensitive
kernel decompositions can be used in other extremal problems where polynomial methods capture only
the even exponent or finite rank cases.
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