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Kusner’s conjecture: Exact values and linear bounds

Hong-Jun Ge* Zixiang Xu' Yang Zhou*

Abstract
In 1983, Kusner conjectured that the largest equilateral set in R” with metric £, has cardinality
n+ 1 when 1 < p < o0 and 2n when p = 1. This conjecture was proved only in the isolated cases
2p+2
p =2 and p =4, and was disproved when 1 < p < 2. The best general upper bound Op(n‘;;ifl) is
due to the celebrated work of Alon and Pudldk [GAFA, 2003]. Our main contributions include:

(1) We prove Kusner’s conjecture for every dimension n = 1 when 2 < p < 4. More generally, for
every integer k > 0 and every p € [4k + 2,4k + 4], every equilateral set in R™ with metric ¢,
has cardinality at most (2k + 1)n + 1. On the complementary intervals p € (4k, 4k + 2) with
p = 1, we obtain the almost linear bound O, (nlogn).

(2) We also consider the analogous problem on the torus T™, recently initiated by Alon, where the
cyclic distance makes the problem substantially more delicate than in R™. We prove the almost
linear bound O,(nlogn) for 1 < p < 2 and Op(ngfi) for every fixed real p > 2, improving
Alon’s bounds Op(nﬂﬁ) for all finite p > 1.

1 Introduction

A subset A of a metric space is called equilateral if all distances between distinct points of A are equal.
Equilateral sets are among the most basic and extensively studied configurations in metric and discrete
geometry. Besides their classical role in Euclidean and normed spaces, they are closely connected to
coding theory, spherical codes, and other problems in algebraic and extremal combinatorics [3] 6, [10]
13, 20]. In this paper, we study the maximum cardinality of an equilateral set in two families of spaces:
the normed spaces (R”, | - [,) and their toroidal metric analogues (T", d)).

1.1 Kusner’s conjecture

The study of equilateral sets in normed spaces is a classical topic in discrete geometry and Banach space
theory. For a normed space X, let e(X) denote the maximum cardinality of an equilateral set in X. For
1 < p < oo, we write £ := (R", | - [,), where R" is equipped with the £,-norm |, := (33", ]xi\p)l/p.
The Euclidean case is completely understood: every equilateral set in (R™,|| - |2) has at most n + 1
points, with equality precisely for the vertex sets of regular simplices. Hence e(¢5) = n + 1. For general
¢,-norms, however, the situation is much more delicate. A theorem of Petty [14] shows that every
equilateral set in an n-dimensional normed space has at most 2" points, with equality only for ¢],. On
the other hand, for every 1 < p < oo, the standard basis vectors together with a suitable multiple of
the all-ones vector form an equilateral set of size n + 1, while in (R™, | - 1) the set {+e; : i € [n]} is an
equilateral set of size 2n. Thus n + 1 is the natural lower bound for finite p > 1, and 2n is the natural
lower bound for p = 1.

In his celebrated list of open problems, Guy recorded the following conjectures of Kusner [9], which
is the most famous question pertaining the above results.
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Conjecture 1.1 (Kusner’s conjecture). e({}) = 2n and e(fy) =n +1 for all 1 <p < o0.

These questions have driven much of the subsequent work on equilateral sets in (R™, |- [,). The exact
picture is currently known only in a few cases. The Euclidean case p = 2 is classical. Swanepoel [1§]
proved the quartic case e(¢}) = n + 1 for all n > 1 via polynomial methods, also see another proof

in [19]. For e(¢}), the conjectured value 2n is known only in small dimensions: it holds for n < 4, with
the cases n = 3 and n = 4 established by Bandelt, Chepoi and Laurent [4] and Koolen, Laurent and
Schrijver [12], respectively.

A major turning point was Swanepoel’s discovery that Kusner’s conjecture is false throughout the
whole range 1 < p < 2 in sufficiently high dimension [I8]. More precisely, for every fixed 1 < p < 2,
Swanepoel [I§] constructed equilateral sets in (R”, | - |,) of cardinality at least (1 + ¢,)n for some
ep > 0. Thus the difficult part of Kusner’s conjecture is not the sub-Euclidean regime 1 < p < 2, which
is now known to be false, but rather the super-Euclidean regime p > 2.

As for upper bounds, the first nontrivial polynomial estimate goes back to Smyth [16], who proved

+1
e(ly) < Cpn% for every fixed 1 < p < o0, see Smyth’s survey [17]. This was substantially sharpened

2p+2
by Alon and Pudlék [2], who established e(£}) < cpn 21 for every fixed p > 1 together with the
stronger bound e({;) < ¢ynlogn for every odd integer p > 1. For even integers p, Swanepoel [I§]
obtained linear bounds:
£—1)-n+1, p=0 (mod4),

e(ly) < (
B.on+1, p=2 (mod 4).

Later, Konyagin [I1] gave a different approach which yields e(£}) < Cynlogn for all 1 < p < 2. This
recovers the best currently known order of magnitude for e(ﬁ") and extends the logarithmic bound
from odd integers to the entire sub-Euclidean range. More recently, Chen, Gui, Tang, and Xiong [7]
obtained an improvement in the regime where p is significantly larger than n.

Summarizing the current status, Kusner’s conjecture for 1 < p < oo had previously exhibited a
striking asymmetry. On the one hand, Swanepoel [18] showed that the conjecture fails for every fixed
1 < p < 2 in sufficiently high dimension, while the exact simplex bound is known for the isolated cases
p =2 and p = 4. On the other hand, throughout the entire super Euclidean regime p > 2, apart from
these two exceptional points, essentially no exact general theorem was known. Thus, before the present
work, even the most basic question, whether the equilateral dimension should remain linear in n, was
open for every fixed p > 2 except those even integers p.

Our main result changes this picture substantially. It shows that for a whole half of the parameters
p = 2, the cardinality of an equilateral set is always bounded linearly in the dimension.

Theorem 1.2. Let k and n be integers with k = 0 and n > 1, and let p € [4k + 2,4k + 4]. If A is an
equilateral set in (R", | -||,), then
Al < 2k +1)n+ 1.

Theorem has two immediate consequences. First, it gives a linear upper bound for all
pe (2,4 v (6,8 u[l0,12] U -,

a set of exponents of density one half in [2,00). Thus Kusner’s conjecture is confirmed up to a constant
factor on a large subset of the super Euclidean range. Second, in the first interval 2 < p < 4, the bound
is exactly n + 1, and hence Kusner’s conjecture holds there for every dimension n. To the best of our
knowledge, this is the first verification of the conjectured simplex bound on a continuum of exponents.

On the complementary intervals (4k,4k + 2), the situation is more delicate. Our method no
longer directly gives a linear bound, but we can still provide an upper bound that is optimal up to a
logarithmic factor. In fact, the argument in this range is not merely a variation of the previous one: it
requires a different idea, together with several additional ingredients and a more refined construction.



Theorem 1.3. Let k and n be integers with k = 0 and n = 1, and let p € (4k,4k + 2) withp > 1. If A
is an equilateral set in (R",| -|,), then

|A| < Cpnlog (2n)

for some constant C), > 0 depending only on p.

1.2 Largest equilateral sets on the torus

We next turn to the analogous problem on the torus, recently studied by Alon [I]. One motivation for
this toroidal version comes from the work of Bilyk, Nagel, and Ruohoniemi on tensor product energies
on T", which arise naturally in discrepancy theory and quasi-Monte Carlo integration [5]. A key role
in their work is played by Latin hypercube configurations with a single distance vector. In finite
dimension, the single-distance-vector property is equivalent to the same point set being equilateral
with respect to toroidal £,-metric dp, 1 < p < c0. Thus, for a fixed p, the toroidal equilateral problem
can be viewed as a natural relaxation of this more structured setting. Let T := R/Z, which we identify
with the interval [0, 1) endowed with the cyclic distance

dr(u,v) := min{|ju — v|, 1 —|u —v|}.
For x = (z1,...,2n),y = (Yy1,...,yn) € T" and 1 < p < o0, define

1/p

n 1/p n
dp(, y) = (Z dqr(wi,yi)p> = (Z minflz; — yi|, 1— |z — Z/z‘!}p> ;
i=1 i=1

and for p = o0, define dy(x,y) := maxi<i<n dr(zi,y;). Thus (T",d,) is the n-dimensional torus
equipped with the £,-product metric. Similarly, we write e,(T") := e((’]I‘”, dp)).

While equilateral sets in normed spaces have been studied for decades, the corresponding problem
on the torus is much more recent. Alon [I] initiated the systematic study of the numbers e, (T") and
proved a general polynomial upper bound together with natural linear lower bounds.

Theorem 1.4 (Alon [I]). For every fized real p = 1, there exists a constant c¢(p) > 0 such that for
every integer n = 1,
2n < ep(T") < c(p)n®*2/l,

Moreover, if 2n + 1 is a prime, then
ep(T") = 2n + 1.

In the same work, Alon also determined the exact value in the extremal case p = o0, proving that
e (T™) = 3™. For finite p, however, the correct order of magnitude remained widely open. The lower
bounds above strongly suggest that e,(T") should be linear in n, and Alon explicitly conjectured that
this is indeed the case, in particular that e;(T") = O(n) for all sufficiently large n.

Our next result gives the upper bounds that substantially improve Alon’s general polynomial
estimate for all finite p > 1.

Theorem 1.5. Let p > 1. Then there exists a constant C, > 0 such that for every integer n > 1,

Cpnlog(2n), 1<p<2,
ep(T") < ’ 3_1 )
Cpn2 », D> 2.

In particular, for 1 < p < 2, this brings the toroidal analogue of Kusner-type problems to within
a logarithmic factor of the conjectured linear behavior. For p > 2, it gives a substantially smaller
exponent than Alon’s bound O, (n?*?/IP]).

We also give two constructions which strengthen the known lower bounds. The first extends Alon’s
construction from prime values of 2n + 1 to odd prime powers.



Theorem 1.6. Let ¢ = "™ be an odd prime power for some odd prime r and some integer m = 1. If
n = %, then there exists a set X < T™ of cardinality 2n + 1 such that X is equilateral in (T™,dy) for
every 1 < p < o0.

The second construction shows that, for suitable choices p = p, depending on a prime g, the lower
bound can be improved along an infinite sequence of dimensions.

Theorem 1.7. There exist infinitely many primes q with the following property: there is a real number

Pq > qZ—l such that for every integer m > 1, if n = qm4_1, then ep, (T") = 4n + 1.

2 Kusner’s conjecture for p € [4k + 2,4k + 4]

We start with two pieces of notation that will be used throughout this section. The first is a convenient
way to write distance matrices. For ,y € R" and ¢ > 0, write {y(x,y) := (3_; |z, — yr|9)Y4. Thus
lp(x,y) = || — y|p, which is the distance induced by the £,-norm on R™. The second is the standard
notion of conditional negative definiteness. This notion is useful here because, after double centering,
a conditionally negative definite kernel becomes a positive semidefinite matrix, which is exactly the
linear algebraic mechanism behind our rank argument.

Definition 2.1. Let X be a set. A symmetric kernel K : X x X — R is called conditionally negative
definite on X if for any ¢ > 2 points z1,...,x: € X and coefficients aq,...,a; € R with Zle a; =0, we
have Zf,j=1 a;jaj K (z;,z;) < 0. Moreover, K is called strictly conditionally negative definite on X if
Z;jzl a;a; K (z;, ;) < 0 whenever 2221 a; =0 and (ai,...,a:;) # (0,...,0).

2.1 Useful tools

We collect the auxiliary results needed for the proof. The main input is a one-dimensional kernel
decomposition. Its role is to correct the kernel |x — y|P, on a prescribed finite set of real numbers,
by a quadratic term and finitely many oscillatory terms so that the remaining kernel is conditionally
negative definite. The crucial point is the sign control on the oscillatory coefficients: at most k£ of them
are positive. This is what ultimately leads to the factor (2k + 1)n in the rank bound.

Theorem 2.2. Let p € [4k + 2,4k + 4] for some integer k > 0, and set d := |p/2]. Let A =
{z1,...,2n} S R be a finite set. Then there exist constants 8y = Oy(p, A) > 0 and C,(A) > 0 such

that, for every 0 < 6 < 6, there exist a symmetric function Eg : A x A — R and real coefficients
bo = bo(6),b1 = b1(0),...,bg_1 = bg_1(0) with |Eg(x,y)| < Cp(A)0? for z,y € A, such that the kernel

d—1
Ky(x,y) := bolz — y|2 + Z bh(l — cos(hf(x — y))) — |z —y|P + Ep(x,y)
h=1

1s conditionally negative definite on A. Moreover, among the coefficients by, ...,bq_1, at most k are
positive.

The remaining tools are elementary linear algebraic facts. The first one explains why conditionally
negative definite kernels are useful for us: after double centering, they become positive semidefinite
matrices.

Lemma 2.3. Let X = {x1,22,...,2y} be a finite set, and let K : X x X — R be a symmetric kernel
that is conditionally negative definite on X. Then the matrix

~Con (K (24,2)) 5, C

3,j=1—"mT

is positive semidefinite, where Cp, = Ly, —m ™1 J,,.



The second lemma is the rank-forcing step. It says that a positive semidefinite matrix, after adding
the centered identity C,, and a sufficiently small symmetric error, must still have rank at least m — 1.

Lemma 2.4. Let C,, := I, — m~'J,,. Assume that
G=NN"+C,+E,
where E is a symmetric matriz satisfying Amin(E) > —1. Then
rank(G) = m — 1.

The last lemma is the low-rank input for the oscillatory terms. After centering, each basic cosine
distance matrix is controlled by the centered cosine Gram matrix, which has rank at most 2.

Lemma 2.5. Let uy,...,um €R, let 0 >0 and r = 1, and define

D := (1 — cos(rf(u; — uj))):rzzl

Then the matriz —C, DC,, is positive semidefinite and has rank at most 2, where Cy, := I, — m™ Y.

2.2 Sketch of the proof

We give a short overview of the proof before entering the details. The argument is a rank comparison.
Starting from an equilateral set A = {x1,...,x,,} < R™ with p € [4k + 2,4k + 4], we normalize so
that £,(x;, ;) = 1 for all i # j. Our goal is to prove m < (2k + 1)n + 1. The strategy is to build a
matrix identity whose right hand side has rank at least m — 1, while its left hand side has rank at
most (2k + 1)n.

The key input is the one-dimensional kernel decomposition in Theorem Applied to the finite
set of all coordinate values appearing in A, it expresses the kernel |z — y|P, up to a small error, as a sum
of a quadratic term, finitely many oscillatory terms of the form 1 — cos(hf(x — y)), and a conditionally
negative definite remainder. The important point is not merely that such a decomposition exists, but
that among the oscillatory coefficients b1, ...,bg_1, at most k are positive. After summing over all
coordinates, the full distance matrix of A is decomposed into a Euclidean quadratic part, a controlled
number of positive-coefficient oscillatory parts, a conditionally negative definite part, and a small error.

The next step is to double-center the resulting matrix identity by

Crp = Iy —m ™ .
This is where the equilateral condition enters in a very clean way. Since the matrix A = (Ep(mi, a:j)p);nj:l
is equal to J,, — I, double centering gives C,,,AC,, = —C,,,. Thus the equilateral condition contributes
exactly the centered identity C,,, with the correct sign after rearrangement.

The conditionally negative definite part is favorable after this centering operation. Indeed,
Lemma 2.3]says that if K is conditionally negative definite, then its centered matrix —Chy, (K (24, 2;))Cr,
is positive semidefinite. The oscillatory terms with negative coefficients are also favorable: by Lemma 2.5
each centered cosine kernel is positive semidefinite. Therefore all these favorable terms can be moved
to the same side and absorbed into a positive semidefinite matrix. In schematic form, the centered
identity becomes

200Gy + Y| Gy (t) = NNT + Cp + E.
t=1

Here G is the centered Gram matrix coming from the quadratic term |z — y|2, the matrix Gy (t)
collects the positive-coefficient oscillatory contributions from the ¢-th coordinate, NN T absorbs the
positive semidefinite terms, and FE is the small centered error.



The smallness of F is used only at this point. By taking 6 > 0 sufficiently small, the matrix F
satisfies Apin (F) > —1. Lemma then applies to the right hand side and gives the lower bound

rank(NNT +Cn+ E) >m—1.

It remains to bound the rank of the left hand side from above. The matrix ég is a centered
Gram matrix of m vectors in R", so rank(Gs) < n. For each fixed coordinate t, the matrix Gy (t)
is a sum of at most k centered cosine kernels, and each has rank at most 2 by Lemma Hence
rank(Gy (t)) < 2k. Consequently,

rank<2bgC~¥2 + Z G;(t)) <n+2kn = (2k+ 1)n.
t=1

Comparing the lower and upper rank bounds gives m — 1 < (2k + 1)n.

2.3 Proof of Theorem 1.2

Set d := |p/2|. Let A = {x1,x2,..., Ty} = R" be an equilateral set in (R", | - |,). After scaling, we
may assume that £,(x;, ;) = 1 for all i # j. After translating the whole set, we may further assume
that 1 = 0. Write xz; = (:L‘Z(l),...,xl(n)) for 1 < i < m. Since z; = 0 and |z; — 1], = 1, every
coordinate of every point lies in [—1,1]. Thus «; € [—1,1]" for all 1 < i < m.

We now apply the one-dimensional kernel decomposition to all coordinate values that occur in A.
For each coordinate t € [n], define

A= (a1 <i<m) < [-1,1],

and set B := ;- A¢. It is clear that B is finite. Choose 6 > 0 sufficiently small so that § < 6y(p, B)
and mnC),(B)#* < 1, where 6y(p, B) and C,(B) are given by Theorem Applying Theorem
to B, we obtain a symmetric function Ey : B x B — R and real coefficients bg, b1, ..., bg_1 such that
|Eg(z,y)| < Cp(B)6? for x,y € B, the kernel

d—1
K(z,y) := bolz — y> + Y b (1 = cos(rf(x — y))) — |z — yI” + Ep(z,y)
r=1
is conditionally negative definite on B, and among b1, ...,bs_1 at most k are positive.

For every pair of points @,y € A, the definition of K gives

n n d—1
D (K@Y y0) = By, y")) + by(m,y)” = bollz —y[3 + D] Y, b (1 — cos(ro(z® —y))). (1)
t=1 t=1r=1
We now turn this scalar identity into a matrix identity. Define My := ;" | (K (:nl(.t), xg.t)))?;zl and
Mg =3, (E@(l‘,gt),l‘gt)))zz.:l, and let A := ({,(;, mj)p)zz.zl. Since A is equilateral and ¢, (xz;, ;) = 1

for ¢ # j, we have A = Jp,, — I,
We separate the oscillatory terms according to the signs of their coefficients. Put

R, :={re{l,...,d—1}:b. > 0},

and
R_:={re{l,...,d—1}:b, <0}



respectively. By our selection and Theorem |R+| < k. For each t € [n], define

Dy (1) =Y b (1~ cos(ro(al” — «\")))"_

reRy

and

Dy (1) := Y (=by) (1= cos(ro(al” — 2" _ .
reR_

Thus both Dy (¢) and D, (t) are nonnegative linear combinations of the basic cosine-distance matrices.
Set Gy (t) := —Cp, Dy (t)Cy, and Gy (t) := —Cpp, Dy (t)Cy. By Lemma each of Gy (t) and G (t) is
positive semidefinite. Moreover,

rank (G (t)) < Z rank(—Cm(l — cos(r@(x,gt) - x(-t))))f.n,i C’m> <2/Ry| <2k

J 1,7=1
T€R+

Recall that C,,, = I,,, — m~1J,,. Next let Dy := (HacZ - x]||§):nj=1 and G := _%CmDQCm. Notice

that G is the Gram matrix of the centered vectors @; — T, where T := % Z;n:l xj. Since these vectors
lie in R™, we have
rank(G2) <n

By , we have

n n
Mg — Mg + A =byDay+ Y Df(t) = >, Dy
t=1 t=1

Since Cy,Jm = JnCr, = 0 and C,Qn = Cyy,, we have
CiACp, = Co(J — L) Cry = —Chy.

Multiplying the preceding matrix identity by —C,, on the left and by C), on the right, we obtain

n

—Con Mg C + Coy MECry + C = 200G + Y. G (t) — >\ Gy
t=1 t=1

which implies that
2b0Gia + Y G (1) = (—CmMKCm S Wen (t)) + Cpy + CruMECn. 2)
t=1 t=1

We then estimate the rank of the right-hand side from below. First, observe that the coordinatewise
sum of K is still conditionally negative definite on A. Indeed, let A1, ..., Ay, € R satisfy > A\, = 0.

Then . . .
PIRCIDINCRED Z

For each fixed ¢, all points IL‘Z(t)

A K, 20,

HM3

belong to B = | J;-; A¢. Since K is conditionally negative definite on B,
(t)

the inner sum is non-positive. If some of the values x;” coincide, we simply combine the corresponding
coefficients: for z € B, set u, := Z,_x@:Z Ai- Then >, p. = 0, and

?:

> AiAjK(xEt)jx§t)): S e K (2 2') < 0.
i,5=1 z,2'eB



Thus every coordinate contribution is conditionally negative definite, and their sum is conditionally
negative definite as well. Hence the kernel

a:Z?:Bj Z tv t)

is conditionally negative definite on A. By Lemma —Cn Mg Cy, is positive semidefinite. Since
each G () is also positive semidefinite, the matrix

—~Con My Cr + Y Gy (1)

t=1

is positive semidefinite. Since every real positive semidefinite matrix admits a Gram factorization, we
may write

n
—~CMgCr + Y. Gy (t) = NNT
t=1
for some real matrix N.
It remains to check that the error term is small enough. Recall that for a real symmetric matrix
M, |M|op denotes the largest absolute value of its eigenvalues. Each entry of Mg has absolute value
at most nC,(B)#%. Hence, by the Gershgorin circle theorem [§],

m
< 2
IME|op < 12111 Z |(ME):ij| < mnCy(B)0* < 1.

Since C, is an orthogonal projection,
|CmMECrmlop < |ME|op < 1.
The matrix C,, MgC}, is symmetric, and hence
Ain(Crn MECH,) > —1.
Thus the right hand side of has the form
NN +Cn+E
with E = C,, MgC,, and Apin(E) > —1. Then Lemma [2.4] gives

rank((—CmMKCm + i G;(t)) + Chy + CmMECm) >m— 1.
t=1
Therefore, by ,
m—1< rank(Zboég + Z G;’(t))
t=1

On the other hand, the rank of the left hand side is controlled by the Euclidean part and the
positive oscillatory parts:

rank<2b06~v‘2 + Z Gy (t)) < rank(Gy) + Z rank(Gy (t)) < n+ 2kn = (2k + 1)n.
t=1 t=1
Combining the two inequalities gives m — 1 < (2k + 1)n, and hence

m < (2k + 1)n + 1.

This completes the proof.



2.4 Proofs of the tools

We now prove the auxiliary results stated above. The main task is to prove the one-dimensional
decomposition, Theorem The proof has two stages. First we show that, on any finite set of real
numbers, the kernel —|z — y|P can be corrected by adding a suitable even polynomial in x — y, so that
the resulting kernel is strictly conditionally negative definite. Then we approximate this correcting
polynomial by a finite cosine sum with coefficients of prescribed signs.

2.4.1 Proof of Theorem [2.2]

We begin with the polynomial correction. In the range p € (4k + 2,4k +4), one has d = |p/2| = 2k + 1.
The oddness of d is the key point: it is what allows us to add a suitable even polynomial in z — y to
—|z — y|P, so that the resulting kernel becomes strictly conditionally negative definite.

Lemma 2.6. Let p € (4k + 2,4k + 4) for some integer k = 0, and set d := |p/2| = 2k + 1. Let
A={x1,...,xm} S R be a finite set. Then there exist real constants Ca(A,p), C4(A,p),...,Coq(A,p)
such that the kernel

d
K(z,y) == Y, Cor(A,p) (@ — 9)* — |z —y|?
r=1

is strictly conditionally negative definite on A.

Before giving the proof, we keep the notation A = {z1,...,z,,} from the statement and introduce
the following filtration by vanishing moments. For an even function f: R — R, define

m

Bf(a,b) = Z aibjf(a:i — .%'j).

1,j=1

In particular, we write
Qf(a) := Bf(a,a).
For each integer r > 0, define the r-th moment of @ = (a1, ...,ay) € R™ by M,(a) := >" | a;x], and
set
Vi :={aeR™: My(a) = M(a) ="---= M,(a) = 0}.

Thus V, consists of coefficient vectors whose moments up to order r vanish. In particular, Vp = {a €
R™ : 7" a; = 0}. These spaces form the decreasing filtration

WwwaVi2-- -2V

The role of the correction polynomial is to make the resulting quadratic form negative definite on
Vo. We achieve this by decreasing the moment order one step at a time, passing from V; to V;_1 and
eventually to V.

The first ingredient is the following elementary identity. It shows that, on V,_1, the quadratic form
induced by the kernel (z — y)?" depends only on the 7-th moment.

Lemma 2.7. Letr > 1. Ifa,be V,_1, then

2r
T

By (a,b) = (-1)7“( )Mr(a)MT(b).

In particular:

(1) ifa€V,_1 and b e V,, then By-(a,b) = 0;



(2) if 0 # a € V,o1\V;, then Q_1y+12r(a) = — (%) My(a)? < 0.

Proof of Lemma[2.7. Expanding (z; — z;)*" gives

2r
T T— 27" T—
(s =y = D17 (7 )ata

Therefore

2r
Ber(a,b) = S (=) (") My(a) Mar_o(B).

Since a,b € V,._1, we have My(a) = My(b) = 0 for every ¢ < r. Hence every term vanishes except the
middle term ¢ = r, and so

B (a.0) = (-1 (%)M a) 4, 0),

The two stated consequences now follow directly from this formula. If b € V., then M, (b) = 0, and
hence Bj2-(a,b) = 0 for every a € V,_;. On the other hand, if 0 # a € V,_1\V,, then M,(a) # 0.

Therefore
2r

T

Q(—1yr+12r(a) = (-=1)""' Bpr(a,a) = —< >Mr(a)2 < 0.

O

The second ingredient is the positivity of |z — y|P on V4 when d = |p/2| is odd. Recall that
Qf(a) := By(a,a).

Lemma 2.8. Let d = 0 be an integer, and let p satisfy 2d < p < 2d + 2. If d is odd, then the quadratic
form Qyp is positive definite on Vg, that is, Qmp(a) > 0 for every 0 # a € V.

Proof of Lemma[2.8. Define

£=0
Since cosu = Zfzo(—l)e(“z—%!, we have Rg(u) = O(u?¥*2) as u — 0. Also, Rg(u) = O(u??) as |u| — .
Therefore, the integral
Q0
Ty i= J Ra(w) g,

0 ul-i—p

converges absolutely for 2d < p < 2d + 2.
Integrating by parts 2d times, we claim that all boundary terms vanish. Indeed, at the (j + 1)-st

integration by parts, where 0 < j < 2d — 1, the boundary term is a constant multiple of R((ij ) (u)u?P.
As u — 0, we have

REZJ') (u) = O(u2al+2—j)7

and hence ' ‘
R (P = O@W**77) = o(1),

because p < 2d + 2. As u — o0, we have
R () = @),
and hence

RV (u)ud =P = 0(u?P) = o(1),
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because p > 2d. Thus all boundary terms vanish. We therefore obtain

(—1)¢ JOO cosu — 1 du
plp—1)---(p—2d+1) Jy w24 "7

Jp,d =

As cosu — 1 < 0, we have
(—1)4 1,4 > 0.

Set ¢pq = ﬁ > 0. Then by the change of variables u = t|z|, for every = € R, we have
D,
“ Ry(t]a) “ cos(ta) — Yl_o(—1) (t)?/(20)!
d+1 d d+1 (=
ol = (1) | T e — -1 | 0 i B
For a = (a1,...,am) € Vg, and £ = 0,1,...,d, we have
m
My(a) = 2 a;ixt =0
i=1

Applying to x; — x;, summing over 4, 7, and using Lemma to eliminate all polynomial terms,
we obtain

o M aza;cos(t(z; — x5))
d+1 J=1"1" v J
Qpupp(@) = cpa(~1)" L = T dt.
By Euler’s formula e = cos 6 + isin 6, we have
m m m m 2
Z aiajeit(iﬂi—xj) — ( aieitfﬂi> <Z aje—it{tj> — Z aieitwi
ij=1 i=1 j=1 i=1
Taking real parts gives
Z a;a; cos(t(z; — xj)) = Z a;ei
ij=1 i=1
It follows that )
00 m itz
a1 [ 20y @i
Q\tlp(a) = cpa(—1) - L ltTdt- (4)
Because d is odd, we have (—1)%*! = 1, so the right hand side is nonnegative.
It remains to prove strict positivity. Let
m .
Fo(t) := Z a;eti,
i=1
This is an entire function. If F, = 0, then all derivatives at 0 vanish, so
m
Z a;z; =0
i=1
for every r > 0. In particular, this holds for 0 < r < m — 1. Since z1,...,z,, are distinct, the
Vandermonde matrix is invertible, and hence a1 = --- = a,,, = 0. Thus F, # 0 whenever a # 0. The
integrand in is therefore not identically zero, and the integral is strictly positive. This proves the
lemma. O

We are now ready to prove Lemma [2.6

11



Proof of Lemma[2.6. If m = 1, the conclusion is trivial, so assume m > 2. Set s := min{d, m —1}. We
first show that V, has codimension 1 inside V,_;.

Claim 2.9. For each r € {1,...,s}, dim(V,_1/V,) = 1.

Proof of the claim. Notice that the linear functionals My, ..., My are linearly independent on R™. To
see this, suppose that >.>_, ¢, M, = 0. Then the polynomial ¢(z) := >}’ _, ¢,&” vanishes at the distinct
real numbers x1,...,x,,. Since s < m — 1, this forces ¢ = 0, and hence ¢y = -+ = ¢; = 0. Therefore
each time we pass from V,._; to V., we impose exactly one new independent linear condition, namely
M,(a) = 0. Thus dim(V;_1/V;.) =1 for every 1 <r < s. [ |

Also, if s < m — 1, then necessarily s = d, while if s = m — 1 < d, then Vs = {0}.
We shall construct the correcting coefficients by descending induction. For 1 < r < s, define

K (z,y) = Y. Ca(A,p)(x — )% — |z — y|”.

j=r

We will choose the coefficients so that
Q K, (a) <0 (5)

for every 0 #a € V,_1.

Start with Kyi1(z,y) := —|z — y[P. We claim that Qg , is negative definite on V. Indeed, if
s = d, this follows from Lemma[2.8] since d = 2k + 1 is odd. If s = m — 1 < d, then V, = {0}.

Fix 7€ {1,..., s}, and assume that the coefficients Cy(,1.1)(4, p), ..., Cas(A,p) have already been
chosen so that Qg, ., (a) <0 for all 0 # a € V,.. Thus the bilinear form By, , is nondegenerate on V;.:

if By, ,(u,v) = 0 for every v € V., then in particular Q,,, (u) = 0, forcing u = 0.

Consider the subspace
W, :={weV,_1:Bg, (w,v) =0forall ve V,}.
Since By, ., |v, is nondegenerate, we have W, n V. = {0}. Consider the linear map
BV —
defined as follows: for each w € V,._1, the image ®(w) is the linear functional on V,. given by
®(w)(v) = Bk, (w,v)

for every v € V,.. Since By, ,, is nondegenerate on V;, the restriction of ® to V. is an isomorphism
from V, onto V;*. In particular,
dim(im @) = dim V.
Moreover, ker(®) = W,. Hence, by rank-nullity and Claim
dim W, =dimV,_1 —dimV, = 1,

and therefore V,_1 = W, ®V,.
Choose a nonzero vector w, € W,.. Since W, n V. = {0}, we have w, ¢ V;., and so M, (w,) # 0. By

Lemma

2r
T

Qo) = =

Also, by the same lemma, for every w € W, € V,_; and every v € V., Bpr(w,v) = 0.
Since w, is fixed, by @, we can choose A, > 0 so large that

)Mr(wr)2 <0. (6)

QKT+1(’LU7.) + )\7- Q(il)rﬁ—lt%‘(wr) < O

12



Set Car(A, p) := A\ (—1)""1, and define
K (2,y) == Kpaa(2,y) + (=1 (@ — ).
We claim that Qg, is negative definite on V,_;1. Let 0 # w € V,._;. Write uniquely
u=w-+7v
for w e W, v e V,. Since W, is B, ,-orthogonal to V;., and By (W,,V,) = 0, we have
Qk, (u) = Q. (w) + Qk, (v).
Now:

e if v # 0, then Qk, (v) = Q,,,(v) <0, because v € V, and Q2r(v) = 0 by Lemma [2.7}

e if w # 0, then w = aw, for some « # 0, and hence
QKT (w) =a? (QKTJA(’(UT) + A Q(,l)r+1t2r ('w,,)) < 0.

Therefore Qk, (u) < 0 whenever u # 0, and so . ) holds. This completes the descending induction.
At the end, we obtain coefficients Cy, (A, p) for 1 < r < s such that Qx, (a) <0 for all 0 # a € Vj.
Finally, set Co,.(A,p) := 0 for s < r < d. Then

d
K(z,y) = > Cop(A,p) (x —y)* — |z —y|f
r=1

satisfies Q (a) < 0 for all 0 # a € V. Since

Voz{aeRm:iaizO},
i=1

this exactly says that K is strictly conditionally negative definite on A. O
We now pass from the polynomial correction to the trigonometric correction required in Theorem [2.2]

Proof of Theorem[2.3. 1f |A| = 1, the conclusion is trivial. We assume |A4] > 2
We first handle the case d = 1. If p = 2, take by = 1 and Ey = 0. If 2 < p < 4, then Lemma
gives a coefficient as such that the kernel

az(z —y)* — |z —yl’
is conditionally negative definite on A. In this case take by = as and Ey = 0. Since there are no
oscillatory terms when d = 1, the sign assertion is vacuous. Thus we may assume d > 2

We first choose an even polynomial correction. If p € (4k + 2,4k + 4), then Lemma gives real
coefficients as, a4, . . ., asy such that the kernel

polyxy ZGQT r—=y 7|$7y|p
is conditionally negative definite on A. If p € {4k + 2,4k + 4}, then p = 2d. In this case take
(CLQ, a4, ...,024—92, agd) = (0, 0, e ,0, 1),

13



so that
Kpoly(2,y) = (z —y)* — |z — y[** = 0.
Thus in all cases Koy is conditionally negative definite on A.
We then approximate the polynomial part by a finite cosine sum. For 6 > 0, define b1 (6),...,bq-1(0)

as the unique solution of

Z b h2r _ )r+1 @a% (7)

Q2r
for r = 2,...,d. The coefficient matrix (h?" )o<r<d,1<h<d—1 is invertible. Indeed, after writing A\, = h?,
it becomes a Vandermonde matrix in the distinct numbers Ay, ..., Ag_1, up to multiplication of columns
by positive factors. Define
92 d—1
bo(0) 1= a2 — RIS (8)
h=1
and set
d—1
Ty(t) :=bo(0)t> + > bu(0)(1 — cos(hbt)).
Let
A=A-A={x—y:z,yc A}
Since A is finite, all estimates below are uniform for t € A. For each h € {1,...,d—1}, Taylor’s formula
gives

d )2r
1 — cos(hot) Z TH 20)]

+ Rh(gv t)v

where Ry (6,t) = O(6%+2) uniformly for t € A.
Let
s:= max{re {1,...,d} : ag, # 0}.

If s = 1, then the right hand side of ([7)) is zero for every r = 2,...,d, and hence by (0) = 0 for all h. In
this case Tj(t) = ast?, and the approxnnatlon below is exact. We may therefore assume s > 2. Since
agr = 0 for all r > s, equation (7)) gives b,(0) = O(672) for 1 < h < d — 1. Hence, uniformly for ¢ € A,

d—1
b (O)RA(6,1) = O(0*4272) = O(¢P)
h=1

By and , the Taylor coefficients of Ty(t) up to degree 2d agree with those of Zle ag, 2.
Therefore, defining

Eagrac— —Ty(z —y),

we obtain

| By ()] < Cp(A)0?

for all z,y € A, after increasing Cp(A) if necessary. Since Ty is even, Ey is symmetric.
Now define

Kolw,) = bo(®)la — g2 + 3 bn(6)(1 — cos(hb(@ — 1)) — |o — yl7 + Ey(e, ).

By the definition of Ey, we have
KQ(SE, y) = Kpoly(l'a y)
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for all x,y € A. Hence Ky is conditionally negative definite on A.
It remains to control the signs of the coefficients b1(0),...,bg—1(0). If s = 1, then all these
coefficients are zero, so there is nothing to prove. Assume s > 2. Write in matrix form as

Mb(6) = u(9),

where b(6) := (by(6),...,bg_1(0))T and

Since as, = 0 for r > s and ags # 0, we have
u() = (—=1)*11(25)lag0 > es1 + O(07252),
where e, denotes the (s — 1)-st standard basis vector of R9~!. Therefore
br(0) = (—=1)5T1(28) ags (M) s 10725 + O(072572). (9)

We now determine the sign pattern of M~!. For 1 < h < d — 1, put A\, := h%. Recall that the rows
of M are indexed by r = 2,...,d, while the columns are indexed by h =1,...,d — 1, and

M, = h* =\,
Equivalently, after relabeling the row r = ¢ + 1, where 1 < ¢ < d — 1, the corresponding entry is
2r _ p2(g+1) _ yq+1 _ yg—142
R = Rt = \IFL = \IT1)2

Thus, after this relabeling of the rows,
M =VD,

where V.= (M) 1<y n<d_1 and D = diag(A\},..., A2 ;).
Since D has positive diagonal entries, M ~! = D~V ~! has the same sign pattern as V' ~1. Write

V-l = (th,q)1<h,g<d—1- The h-th Lagrange interpolation polynomial for the nodes Ay,..., A\g—1 is
X -\
LX) := [] v A{.
1<j<d—1 "h T Y
j#h
Since the rows of V correspond to the monomials 1, X, ..., X% 2, we may write

Li(X) =apy +apaX + -+ apa 1 X772

Thus ay, 4 is the coefficient of X9~ in Lj,(X). The coefficient of X971 in

[T &x=x)

1<j<d—1
j#h

has sign (—1)97179 because all \; are positive. On the other hand,

sen | [ [ =N) | = (="
j#h
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Therefore
sgn(an,g) = (=)= = (1)
It follows that
sgn((M~ng) = sgn((V " ng) = (1)
Applying this with ¢ = s — 1 in @D, we get, for all sufficiently small 6,
sgn(bp(0)) = sgn(azs) (1) (1"~ = sgn(az,) (~1)".

Thus the nonzero coefficients b1 (0), ..., bs_1(0) have alternating signs.

If p e [4k + 2,4k + 4), then d = 2k + 1, so there are d — 1 = 2k oscillatory coefficients, and an
alternating sign pattern gives at most k positive ones. If p = 4k + 4, then d = 2k + 2, s = d, and
ass = asq = 1. Hence positive signs can occur only for even h, namely among h = 2,4, ..., 2k, so again
there are at most k positive coefficients.

Finally, choose 6y = 6y(p, A) > 0 sufficiently small so that both the error estimate above and the
sign conclusions hold for every 0 < 6 < 6y. This proves the theorem. 0

2.4.2 Proofs of remaining lemmas
We finish this subsection by proving the three elementary algebraic lemmas used in the rank argument.

Proof of Lemma[2.3 Let
M := (K(wi,xj))szl.
For any v € R™, set u := C),v. Since C,, is the orthogonal projection onto
1t = {weR™: (w,1) = 0},
we have u € 1. Therefore, by the conditional negative definiteness of K,
v (=CuMCp)v = —u' Mu > 0.
Thus —C,,, M C,, is positive semidefinite. O

Proof of Lemma[2.], We show that G is positive definite on the (m — 1)-dimensional subspace 11, Let
v € 11\{0}. Since C,, is the orthogonal projection onto 1+, we have C,,v = v. Hence

v'Gv=v"'NNw+v ' Cpv+v"Ev=|N"v|?+|v|?+v Ewv.
Since Apin(F) > —1, we have
v Ev > )\min(E)HvH%.

It follows that
v G =[N3 + (14 Apin(E))|v]3 > 0.
Thus G is positive definite on 1. Consequently, G has rank at least dim 1+ = m — 1, as desired. [
Proof of Lemma[2.5. Let
m
H .= (cos(r&(ui — uj)))m.:l.
Since D = J,, — H and C,,,J,, = JCpry = 0, we have
—CnDCy, = C HC,,.
It is therefore enough to show that H is positive semidefinite and has rank at most 2.
Using cos(a — f3) = cos acos  + sin asin 3, we can write
H=cec" + ssT,

where ¢ := (cos(rfuy),...,cos(rfu,,))" and s := (sin(rfuy),...,sin(rbu,))". Hence H is positive
semidefinite and rank(H) < 2. Since C,,, HC,, is a compression of H, it is also positive semidefinite
and has rank at most 2. Therefore —C,,, DC), is positive semidefinite and has rank at most 2. O]
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2.5 Affine independence and nonregular examples for 2 <p <4

We close this section with two simple observations about the equality case in the range 2 < p < 4. The
first one says that every largest equilateral set must be affinely independent. Thus, in this range, the
extremal configuration is always an n-simplex in the affine sense.

Proposition 2.10. Let 2 <p <4, and let A = {x1,..., Ty} S R" be an equilateral set in (R", |- |,).
If m=n+1, then A is affinely independent. Equivalently, A is the vertex set of an n-simplex.

Proof of Proposition[2.10. In the proof of Theorem when 2 < p < 4, we have k = 0. Thus there

are no oscillatory correction terms and no error term. The centered identity reduces to
200Ga = —Cp Mg Cyy + Chy,

where C:'z = —%CngCm is the centered Gram matrix of @1, ..., x,,, and M is the matrix associated
with the conditionally negative definite kernel K.
By Lemma the matrix —C,,, M C,, is positive semidefinite. Hence we may write

—CyMgC,, = NNT

for some real matrix N. Therefore
200G2 = NNT + C,,.

By Lemma applied with E = 0, we get rank(2bpG2) = m — 1. Since m = n + 1 > 2, this also
implies by # 0, and hence N
rank(Gg) = m — 1.

On the other hand, Gy is the Gram matrix of m centered vectors in R", so rank(ég) < n. Since
m =n+ 1, we have
rank(Ga) =n=m — 1.

But the rank of the centered Gram matrix is exactly the dimension of the affine span of A. Hence the
affine span of A has dimension m — 1, which means that @1, ..., x,, are affinely independent. O

The preceding proposition should not be confused with Euclidean regularity. It only says that a
largest equilateral set is an affine simplex. In general, this simplex need not be regular with respect to
the Euclidean metric.

Proposition 2.11. Let 2 < p < 4 and n = 2. Then there exists an equilateral set of sizen + 1 in

(R™, || - |p) which is not a regular simplex in the Euclidean sense.
Proof of Proposition|2.11] Let xq := %el and x; := —%el. Next, let @ > 0 be the unique real number
satisfying

(a+27VP)P 4 (n—2)aP =127 (10)

Such an « exists and is unique, because the function
h(t) = (t+27Y°)" + (n —2)tP

is continuous and strictly increasing when ¢ > 0, with h(0) = 27! < 1—27P, since p > 1, and h(t) — ®©
ast — . Foreach i =1,...,n — 1, define

n
. -1
T =« Z ej+2 /peiH.
Jj=2
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We claim that A := {xo,x1,...,2,} is equilateral in (R",| - |,) with common distance 1. First,
|zo — @1|h = 1. Next, if ¢ # j with 1 < i,j < n — 1, then z;41 — ;41 has exactly two nonzero
coordinates, namely 2747 and —2~Y?. Hence

|#is1 —ajaf =227 = 1.

Finally, for each i =1,...,n — 1,

1 n

-1

To — Tiyl = j€1 -0 E e; — 2 YPe;y,
J=2

and hence, by ,
leo — xita]h =277 + (o + 2_1/p)p +(n—2)a? = 1.

The same computation applies to &1, and gives |@1 —x;11[} = 1. Therefore A is equilateral in (R™, |-|,).
It remains to show that A is not a regular simplex in the Euclidean sense. We have |zg — x1]3 = 1.
If n > 3, then for distinct 4,5 € {1,...,n — 1},

i1 — @5 = 22727 = 2172 5 1,

Thus A is not Euclidean regular when n > 3. It remains to consider the case n = 2. In this case
gives o 4+ 2717 = (1 — 27P)1/P, Therefore

1 1
o —aaff = + (o + 27 1/p)? = a2,

Since p > 2, we have 2/p < 1, and hence (1 —27P)?/? > 1 —-277 > %. It follows that
|0 — 223 > 1 = o — 13-

Thus A is not Euclidean regular also when n = 2. This completes the proof. ]

3 An almost linear bound for e(¢)) when p € (4k, 4k + 2)

The proof of Theorem [I.3] requires a different argument from that used in the preceding section. We
begin with a brief sketch, highlighting where the previous rank argument breaks down and explaining
the mechanism that replaces it.

3.1 Sketch of the Proof of Theorem [1.3

Let A < R"™ be an equilateral set with common ¢,-distance 1, where p € (4k, 4k + 2). After translating
A, we may assume that one point of A is the origin. This normalization places all coordinates in
a bounded interval and gives a uniform coordinatewise p-mass bound, which will later make the
approximation errors add up correctly over the n coordinates.

The finite-rank argument from the preceding section cannot be closed in the same way in the
range p € (4k,4k + 2). The obstruction is a parity-driven sign reversal at the last level of the moment
filtration. In the interior of the range treated in the preceding section, namely p € (4k + 2,4k + 4), one
has d = |p/2] = 2k + 1, and Lemma gives the favorable positive definiteness of Q» on V. This
sign was the key input which allowed the signed kernel —|xz — y|P to be corrected, up to a controlled
error term, by a quadratic term and finitely many oscillatory kernels. After double centering, the
conditionally negative contribution lay on the same side as the p-distance term and could be absorbed
into the positive-semidefinite side, leaving only a controlled number of unfavorable finite-rank modes
to be counted.
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In the complementary range p € (4k, 4k+2), however, we have d = |p/2| = 2k, and the corresponding
quadratic form Qy» is negative definite on Vg rather than positive definite. Thus the sign needed for
the preceding absorption mechanism is reversed. The previous finite-rank correction scheme therefore
no longer produces a conditionally negative definite correction of the signed kernel —|z — y|? in a way
compatible with the same rank count. This reversal suggests the appropriate replacement: the kernel
to be corrected is now |z — y|P itself, rather than —|z — y|P.

The replacement is a zero-anchored Hilbert-space representation. Write p = 4k + 5, with 0 < 6 < 2.
Since the kernel |u — v|? is conditionally negative definite on the real line, it admits a Hilbert-space
realization by squared distances. We use this conditionally negative kernel after taking 2k-fold zero-
anchored primitives. Integrating by parts then reduces the exponent p to the conditionally negative
exponent . This gives a one-dimensional representation in which the main sign-definite part of
the p-distance quadratic form becomes a squared norm in a Hilbert space, up to finite-dimensional
boundary correction terms. The anchoring at the origin is essential: it ensures that the boundary
terms produced by the integrations remain finite-dimensional.

Applying this representation coordinate by coordinate, and then performing the centering step,
gives the analogue of the matrix identity used in the preceding section. The centered simplex matrix is
balanced against two contributions: a finite-dimensional correction term of rank at most 4kn, coming
from the boundary terms, and a Gram matrix coming from the Hilbert-space component.

The crucial difference is where this Hilbert-space term appears in the rank identity. In the previous
argument, the conditionally negative contribution was on the same side as the p-distance term. Hence,
after double centering, it could be absorbed into the positive-semidefinite side, while the rank estimate
was applied to the opposite side. In the present range, the sign is reversed: the Hilbert-space Gram
term appears on the side to which the rank estimate must be applied. Thus it is no longer harmless.
Although its Gram matrix has finite rank for the finite set under consideration, that rank may be as
large as the size of the set itself, so inserting it directly would destroy the rank count.

The rest of the proof is therefore an approximation argument. The resulting Hilbert map has
a scaling structure, which allows its image to be approximated by dyadic shells. Using L shells
gives an O,(L)-dimensional approximation in one coordinate, and hence an Op(nL)-dimensional
approximation after taking the direct sum over all coordinates. A coordinatewise p-mass estimate
controls the accumulation of the approximation errors over the n coordinates. Choosing L = O,(logn),
and then applying a suitable projection lower bound to the resulting centered Gram identity, yields
|A| < Cpnlog(2n).

3.2 A zero-anchored primitive and an exact bridge

Fix p € (4k,4k + 2) with p > 1, and write 5 := p — 4k € (0,2). The zero anchored primitive below is
needed only when k& > 1. Thus, for the rest of this lemma, assume k£ > 1 and set ng := 2k — 1. The
case k = 0, namely 1 < p < 2, will be handled separately in Proposition The next function should
be viewed as a compactly supported 2k-fold primitive of the point mass ¢, normalized so that all
lower-order boundary terms are anchored at the origin. This anchoring is what later produces only
finitely many correction terms. For a real number u, write u := max{u,0}.

Lemma 3.1. For each z € [—1,1], define

(x— 0 & ()P

R AL > s
no! — 7| (ng—r)!’ ©=0
(1) = o
_ .\ 10 no ¢ N\r no—r
o P

Then the following hold.
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(i) supp 11)9(50) C [min{x, 0}, max{z, 0}].

(ii) In the sense of distributions,

(0)\(2k) _ 5. — =y <_1)TxT 5(7")
(wdf ) - Z | 0 -

= ol
(iii) For every ae > —1 and every integer r € {0,1,...,2k — 1},
MNa+1)
e dt = T oa+2k'
| 400 senteye it = s santay

|x‘2k

In particular, SR wg(ﬂo) (t)dt = @R and

6 LB+ | o2
sz Ol dt = ol

Proof of Lemma[3.1. Suppose first that = > 0. For ¢ < 0, we have

wtyo =35 ("o

r=0

hence the two terms in the definition of 1[)9(50) cancel identically on (—00,0). Also, for ¢t > z, the first
term vanishes and the second term is already zero. Therefore supp wéo) < [0, z]. Suppose now that

x < 0. For t > 0, we have
no
no _
t— )"0 — )T
=y = 3 (1) (e,

r=0
so the two terms in the definition of wg(go) cancel identically on (0,00). Also, for ¢t < x, the first term
vanishes and the second term is already zero. Hence supp @Z)éo) C [, 0]. This proves (i).

"o
We next prove (ii). If x > 0, then % ($nz)!+ = ¢,. Also for 0 < r < ng, we have

(=) v (1)
dtgk ((n(] 7")') - (_1) 50 .

Therefore -
2k - (_1)7“1;7“ r
(wg(co))( ) =6, — 2 , (5(() )
r=0 '
If x <0, then g;i (t_no), = d,, and g;i <(:;(;OT),> = 5((;)' Since (—z)" = (—1)"2", we again obtain

2k—
()@ = Z

This proves (ii).
Finally, we prove (iii). If x = 0, then zpéo) = 0, and the claim is trivial. Assume first that z > 0.
By (i), @b;(co) is supported on [0, z], where sgn(¢)” = 1. Thus

« v (w_t)2k_1 «
f¢ ) sgn(t)"[t|“ dt = L k= 1)) t dt.
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After the change of variables ¢t = zu, this becomes

pot2k ol pot2k MNa+1)
s 1— 2k—1 Cdyu=—__ B 1.9k = ——~— "~/ O{+2k‘.
(2k:—1)!f0( Wt du = oy Blat 12K = me S

If x < 0, then @Z)éo) is supported on [z, 0], where sgn(t)" = sgn(z)". Hence

[ w0 s ar = sentay [ DT e
e . @—nr
Writing x = —a with a > 0, and changing variables t = —au, we obtain
a®t2k 1 I(a+1)
r 1 — 2k—1, o du = r a+2k'
o) o ) L (L= )™t du = gy sen (@) e
This proves (iii). O

We now package the one-dimensional identity into a Hilbert space bridge. We use Hilbert spaces only
in a concrete linear algebraic way. Namely, whenever a symmetric bilinear form is positive semidefinite,
we may quotient out its null space and complete the resulting inner product space, which produces
a real Hilbert space. In such a space, finite Gram matrices are positive semidefinite and orthogonal
projections onto finite dimensional subspaces are available. In what follows, this construction is used
to represent the conditionally negative definite kernel |z — y|?, with 0 < 8 < 2, as a squared norm.

Although in this section we only need the case k > 1, we state the bridge also for k£ = 0, where
it reduces to the standard Hilbert space embedding of conditionally negative definite kernels. In
particular, it will be useful in the proof of Lemma 4.4

Proposition 3.2. Let p € (4k,4k + 2) for some integer k = 0, and set :=p—4ke€ (0,2). If p> 1,
then there exist:

e a real Hilbert space Hpg,
e a continuous map L'y : [—1,1] — Hg,
e a map wy : [—1,1] — R,
e symmetric positive semidefinite matrices My o, M_ o € RAkx4k
o linear operators T, : Hg — Hpg for 0 < a <1,
such that the following hold.
(i) For every finite set X = {x1,...,2m} S [~1,1] and every A = (A\1,..., A\p) € 1+,

2 2 2

_|_
Mg

)

m
Z AiMi/,ﬁwo(xi)
i—1

m
=1

i Ailo(;)

1 m
—3 >, Aidjlzi = 3l = cpi
=1

i,j=1

2 2

r
where ¢, i, 1= F((gﬁg

(ii) For all0 < a <1 and all x € [-1,1], Tg(ax) = T,T'o(z), and for § € Hg,

ITeéllr0, = a2,
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Proof of Proposition[3.3 If k = 0, then 1 < p < 2. Since |z — y|? is conditionally negative definite on
R, there exist a real Hilbert space H, and a map I'g : R — #,, such that

2

1
—EEAZA]MZ —wj]p = EAZ‘F()(CC@)
2,J 7

We take wq to be the map into R?, and M o, M_  to be the corresponding 0 x 0 matrices. The second
statement follows from homogeneity.

Assume now that k£ > 1. We use signed measures only as a compact notation for combining ordinary
integrals and point masses: f(¢)dt contributes {¢(¢)f(¢) dt, while §, contributes ¢(y). Let

My = {u : i is a compactly supported signed Borel measure on R, u(R) = 0}.

Define a symmetric bilinear form on Mg by

oy i= = [[ ool autw dvte),
),

Since 0 < 8 < 2, the kernel (u,v) — |u — v|? is conditionally negative definite on R, and therefore
(-, )8 is positive semidefinite on Mj. Quotienting by the null space and completing, we obtain a real
Hilbert space Hg.

For x € [—1,1], let wéo) be as in Lemma and define
‘x‘%
(2k)!

VO = 0 (1) dt —

T

8o.

By Lemma (iii), v e M. Define Lo(z) := [Véo)] € Hg. Now let X = {z1,...,z,} < [-1,1],
X=(A,..., A\p) € 11, and define

1 m
an()\) = —5 Z )\z)\J\xl — xj|p.
i,7=1

Set FO (1) 1= 2 Ml (), pax i= 34 Aibsy My(A) := S AgaT for 1 < 7 < 2k,

Sp(A) i= Y A sgn(;) | P

i=1
for 1 < r < 2k. By Lemma [3.1(ii),
2k—1
0 (“1)" My (N) o
N <y S I
Since A € 11, we have My(\) = 0, and therefore
2k—1
0 —1)"Mp(A) (»
R ()
r=1 ’
Define also Mar(V)
0) ._ 1(0) _ 2%k
vy’ = F)\ (t) dt (Qk)' do.
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By Lemma (iii), 1//(\0) € My, and %, NiTo(z;) = [yio)]. Let || - [, denote the norm in the Hilbert
space Hg, induced by the inner product

oy i= = [[ ol dutw dvte),
R2

Since Y% Ailo(z;) = [V&O)] € M, we have, by the definition of this Hilbert-space norm,

D Ao ()
i=1

2
1 0 0
— _foyu—yyﬁdy/(\)(u) dl//(\)(v). (12)
Hp
We now compute Qp x ().

Bulk—bulk term. Set
1 0 0
Q= — 2 ((FI)E) @ (FI)EH, | -y,
where the tensor product is understood in the usual distributional sense, more precisely, for distributions

S,T on R, the distribution S ® T" acts on a function ®(x,y) by first applying 7" in the y-variable and
then S in the z-variable. Since

1 1
oozt (le — yl”) = Cpk (QII - ylﬂ) :

integration by parts yields

QPulk — —Cp?’k ffF)(\O)(u)F)(\O)(v)\u —v|? du dv.
R2

On the other hand, Lemma [3.1f(iii) gives

(0) Moi(N)
F =
J, == 25
and B+ 1)
HPFOwyar = —— P g ).
1 r 0 @t = 5o s s
Expanding , and using ¢, j, 1= %, we obtain
m 2
Qbulk = Cpk Z )\il“o(a;i) — (2p]€> Mgk(A>SQk()\) (13)
=1 Hg

Bulk-boundary term. For 1 <r <2k —1, define h,(z) := sgn(x)"|z[P~". From now on, we use the
notation

(p)ri=pp—1)--(p—7r+1)
(r)

for the falling factorial. Moreover, we use <5(()r), )y to denote that the distribution J; ' acts on the
y-variable, with z fixed. Therefore, for x # 0,

(), o= o) = (1705l = ol
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Since
Oyle —ylP|,_y = (=1)"(p)r sgn(@) |z,
we obtain

<5((f), |z — ylp>y = (p)rhr(z).

Using , the total bulk—boundary contribution is

2k—1 T
Qs = Y W (EE, (p),hy ).
r=1 ’

Here the factor 2 coming from the two cross terms is cancelled by the prefactor —% in Qp x(A).
Notice that p —r > 2k, so h, € C?*(R), and

W (x) = (p — 1)y, sgn(x)" [P~ 2.

Hence, by integration by parts and Lemma (iii) witha=p—1r —2k > —1,

{(E)E, hy) = 5,(N).

Since ®r — (f

] ), summing over r = 1,...,2k — 1 gives

2k—1 D
Qe = Y <—1>’“( )MM)&(A). (14)
r=1

Boundary—boundary term. Every boundary—boundary term is of the form
5(7") 5(5) _ PN = (_1 r+saras P
0 ® 0 > ’fL’ y’ ) T y‘x y‘ ’(0,0)'

Since r + s is an integer and r + s < 4k — 2 < p, the derivative of order r + s of |t|P exists at 0 and
equals 0. Therefore all boundary—-boundary terms vanish.

Combining and , we conclude that

2 2k »
DY G I IIACSEREY (15)

Hp r=1

i Ailo (i)

i=1

Qpx(A) = cpk

We now encode the finite-dimensional correction. Define u,(z) := 2" for 1 < r < 2k, v, (x) :=
sgn(x)"|z[P~" for 1 < r < 2k. Set

wp(x) = (ul(x), oo ugk(T), v (), . .,ng($)) e R*,

Define a symmetric matrix A, € Rkx4k 1y

1
Apip(r,2k 4+ 1) = Ap 2k + 7, 7) = —5(—1)” <Z;)

for 1 < r < 2k, and all other entries equal to 0. Notice that if m,,(X) := X" iwo(x;), then by
construction

2k D
11,0 (A) Ay (A) = — Z(—w( )MT<A>ST<A>.

r=1
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Thus becomes

2
+ my,, ()\)TAp,k my,, (A).

L%

Qpx(A) = cpk Z Ail'o(w;)

i=1

Take a spectral decomposition Ay, = My g — M_ o with M, o, M_ o > 0. Then

2 2 2

Z )\iMi/f)’wo(l“i)
i=1

=1

i Ailo(;)

i=1

Qpx(A) = Cp,k +

L%

2 2

This proves (i).
We now prove (ii). We first define the scaling operation at the level of measures. For 0 < a < 1
and pu € My, let T, be the signed measure determined by

| ety a@am @) = | ol du(w)
R R
for every test function . In words, we scale the underlying variable by u — au, and multiply the mass
by a?*. This operation preserves compact support and total mass zero, so Tyu € M.
For p,v € My, the definition gives

o Ty = = [[ o= ol alTum @ d(Tor) 0
RQ

_ A

J lau — av|? dp(u) dv(v)
R2

= a™ P, vyg = aP{u, v)s.

In particular, if ;1 belongs to the null space of the semidefinite form (-, -)g, then so does Tau. Hence f’a
descends to the quotient space. On the quotient, and then on its Hilbert-space completion, we denote
the induced operator by T,. The identity above gives

ITotllws = a2 (€],

1
2

for every £ € Hg.
It remains to verify that this operator has the required action on the vectors I'g(z). By direct

inspection of the definition of wg(co), for every x € [-1,1] and 0 < a < 1,

Y (1) = a0 (t/a).

Equivalently, for every test function ¢,

| e = | steue®w)du
R R

2k 2k
Moreover, %50 is obtained from |(2:2|T)!50 by the same scaling rule, because the mass is multiplied by

a?* and the point 0 remains fixed. Therefore Vég) =T ayg(go). Passing to equivalence classes in Hg, we
obtain I'g(az) = Ty (z).

Finally, we prove that I'y is continuous. Applying Proposition [3.2fi) to the two-point set {z,y}
with A = (1, —1), we obtain

& —yl” = epulTol@) — To() |2, + IML5(wolz) —wo(y)) |3 — | M5 (wo(x) — wo(y))]3.
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Thus

To(2) — To(y) 3, < | — yl? + [| My (wo(x) — wo(y))|3 — M3 (wo(x) —woly))[3]-

Cp kel

Since wy is continuous on [—1, 1], the finite-dimensional correction tends to 0 as y — z. Hence

ITo(e) = Do(y)ls, — 0

as y — x. This completes the proof.

3.3 Projection and dyadic shell approximation

We next record a projection lower bound.

Proposition 3.3. Let B = {x1,...,x,} be a finite set, let H be a real Hilbert space, and let ¢ : B — H
be a map. Define R := (<¢(xz), qb(xj)>H)Z;.=1, and Cy, = I, — %Jm. Assume that a > 0 and that there
exists an m x m matriz X with rank r such that éCm + X = R. Then for every orthogonal projection
P: H — S onto an s-dimensional subspace S < H, one has

m—r—1—s

max [¢(z) — Po(x)f > —————. (16)

Proof of Proposition[3.3. Let Q := Iy — P, so that @ is the orthogonal projection onto S+. For each i e
[m], write ¢; := ¢(z;). Define Rp := ((P¢;, Pdjyr).-_,, and Rg = ({Qé;, Q¢j>H);”j:1. Since P and

1,5=1’
() are complementary orthogonal projections, we have R = Rp + R, therefore, Rg = % Cmn+X—Rp.
Next, we set M := Rp — X. Then

rank(M) < rank(Rp) + rank(X) < s + 1.

Consider the subspace
U := ker(M) n 1.

Since dim(1+) = m — 1 and dimker(M) = m — rank(M) = m — (s + ), we obtain
dimU>=m—1—(s+7r).

If we U, then Mu =0 and v € 11, so C,,u = u. Therefore

1 1
Rou = (CmM)uzu.
a a

Thus every vector in U is an eigenvector of Rg with eigenvalue % Since Rg is a Gram matrix, it is
positive semidefinite. Hence

dimU _ m—1—(s+r)
> )

>
Tr(Rq) - -

On the other hand, Tr(Rg) = Y., [Q¢i|%. Therefore

1 tr(Rg) . m—r—1—s
13> = Y 1Qeilk = ——2 > .
max Qi o 1@l o
Since @ = Iy — P, this is exactly ((16)). O
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The next lemma approximates I'g on dyadic shells.
Lemma 3.4. Fiz 0 > 0. Then for every integer L > 1, there ewists a subspace Vi, € Hg such that
dim(Vy) < Cpis L and for all x € [-1,1],
dist(To(z), Vi) < 2062[a|? + Cpp 212, (17)
where dist(&, V) := inf.ev € — 2|7,

Proof of Lemma([3.7] Consider the compact intervals I, := [1/2,1] and I_ := [-1,—1/2]. Since
I'p is continuous, the sets I'g(/4) and I'g(/_) are compact in Hg. Hence there exist finite sets
Uy = {uf,...,uj(u} c I, and U~ = {uy,...,uy } S I_ such that dist(I'o(z),V}) < 6 for all
z € I, and dist(To(z), V=) < § for all z € I_, where V, := span{I'o(u]),... ,Fo(uf\u)} and V_ :=

span{lo(uy ), ..., To(uy )}
For each j =0,1,...,L — 1, define V; 4 := T,V and V; _ :=T5,—;V_. Now set

L-1

V= ) (Vie + Vo).
=0

Then dim(Vy) < (N4 + N_)L =: CppsL for some Cpps > 0. Let z € [-1,1]. If z € (27771, 277]
for some 0 < j < L — 1, write ¢ = 279u, u € [1/2,1]. Choose v € V. with |To(u) — v|z, < . Then
Ty-jve V4 < Vr, and by the Proposition (i),

. 2 i )
dist(To(2), Vi)™ < |To-i (Po(u) — v)[3y, = 2777 To(u) — v[,, < 27776%.
Since x € (27771,277], we have 2777 < 2P|z|P, and therefore
dist(Fg(a:),VL)2 < 2P5%|x|P.

If v e [-277,—27771) for some 0 < j < L — 1, write 2 = 277u, u € [-1,—1/2]. Choose v € V_ with
ITo(u) = v|#, < 0. Then Ty—;v € Vj . <V, and similarly

dist(To(), V1) < 27976% < 206 |z |?.
Finally, if |x| < 2%, then 0 € V, so
: 2
dist(Fo(z), V)" < HFo(a:)H?HB.
If z # 0, write = |z|o with o € {—1,1}. Then

ITo(@) 135 = |TjuTo(0) 35 = l”*|To(0)

"Hﬁ'
Therefore
ITo(@)[3, < Cplzl’ < Cpp2™"P.
The same is trivial when = = 0. This proves . 0
Lemma 3.5. Let A = {x1,..., 2z} be an equilateral set in (R",| - |,), and normalize the common

distance to be 1. After translation, assume x1 = 0. For each coordinate t € [n] and s € [—1,1], define

04(s) == (yepr Lols), MY gwo(s)) € Hs @R,

and

U(s) := Mi/gwo(s) e R*.
For each x; € A, deﬁne@ = @] 0u(wiy), Ui := D}, Up(wiy). Let © := %Zﬁl 0;,U = %Z?; U;,
and set ©; := O, — 6, U; :=U; —U. Let R = (<®“®J>)i,j:1 and X = (<(71,l7]>)y;:1 Then X s
positive semidefinite, rank(X) < 4kn and R = %C’m + X, where Cy, := I, — %Jm
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Proof of Lemmal[3.3. Since each U; belongs to (R*)", the matrix X is a Gram matrix, hence positive
semidefinite, and rank(X) < 4kn.
Let A = (A1,..., \n) € 11, Here and below, we write

IAI3 = X A7
i=1

Since centering does not change the sums » " \;0; and ", A\;U;, we can apply Proposition
coordinatewise and sum over all coordinates. Because A is equilateral of common distance 1,

1< S T
3 D Al — aylh = SIAB
ij=1
On the other hand, the Proposition (i) gives

2
=AT(R— X))\

m

DI Ai6;

i=1

) 2
22 = _
S IA13

i AU
i=1

Since also for X € 1+, we have
1 1
AT (00 ) A= Z|N3
(50m) A= 52
which further yields that
1
AT <R—X—20m)>\:0

for all XA € 11. Now the matrix Ag:= R — X — %C’m is symmetric and satisfies Agl = 0, because R, X,
and C,, all annihilate 1. By polarization, Ay vanishes on 1+ x 11, and hence Ag = 0. This proves the
lemma.

O]

3.4 Proof of the logarithmic upper bound
We are now ready to prove Theorem

Proof of Theorem[I.3. Let A = {x1,...,xy} be an equilateral set in (R™, | - [,). By scaling, we may
assume that the common distance is 1. After translation, we may assume that 1 = 0. Then for every
x; = (xi1,...,%in) € A with z;; € [-1, 1], we have

n
DllziP < 1. (18)
t=1

Define 0;,U;, ém ﬁi, R, X exactly as in Lemma By that lemma, we can see R = %C’m + X with

rank(X) < 4kn. (19)
Fix § > 0 so that )
Cp7k2p52 < 3 (20)

For an integer L > 1, let V}, be given by Lemma and define

Zo(L) ==V, ® MpR™ = Hg QR
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Then dim Zo(L) < C, ;L for some constant C7 ; > 0. Set Z(L) := ;_; Zo(L). Hence

dim Z(L) < G, nL.

(21)

Fix i € [m]. Since MJIF%]R‘“f € Zy(L), the distance from the ¢-th coordinate block of ©; to Zy(L) is

controlled only by the Hilbert component. Thus Lemma yields

3

n
dist(0;, Z(L) 2 Cp ke dlst(Fo Tit), VL Z (cp7k2p52]g;i’t|1° + ¢p kC 7k2_Lp).

Using and , we obtain

1
dist(0;, Z(L))?* < g+ Cpn2” P
for some constant C7/, > 0. Choose L := max{ [ 10g2(80g7kn)]} Then C;n2~ Lr <

max dist(0;, Z(L))? <

1<is<m

.Jk\i—‘

Define W := span(©, Z(L)). Then dim W < dim Z(L) + 1. Moreover, for each 4,

dist(6;, W) < dist(0;, Z(L)).

1
= g

and hence

(22)

Indeed, if z € Z(L), then z — ©eW,and O, — (2 —0©) =0; — z. Now apply Proposition to the

centered family {(:)1, . m} with a = 2, r < 4kn, and s = dim W. Using (19)), we get

~4kn — 1 — di
max dist(6;, W)? > m = 4kn dlmW.

1<i<m 2m

Combining this with , we obtain

m —4kn —1 —dim W - 1
2m T4
Since dim W < dim Z(L) + 1, this gives
m — 4kn — dim Z (L) — 1
2m T4

Therefore m < (4kn +dim Z(L) + ) Using , we conclude that

2(4kn + Cp L + 2).
Since L = max{ [ log2(801’7’7kn)1} , we have

m < Cp pnlog(2n)

for some C), ;, > 0. This finishes the proof.
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4 Equilateral sets in (T",d,): improved upper bounds

In this section we prove Theorem Compared with the Euclidean problem, the toroidal problem
has an additional obstruction: in one dimension the cyclic distance dy(x,y) = min{|z — y|,1 — |z — y|}
is only piecewise a real-line distance. It switches branches at the antipodal point y = = + 1/2, where
dr(z,y)? has a corner. This loss of smoothness produces an additional wrap-around contribution in the
associated kernel, so the sign-controlled kernel decompositions used in R™ do not apply directly. Our
proof first shows that the small-distance case reduces to the Euclidean setting, so that it remains to
treat equilateral sets with large common distance. We then reduce the argument to a one-dimensional
estimate for the anchored torus kernel. This kernel is split into a real-line part and a genuinely toroidal
correction, the latter capturing precisely the corner contribution near the antipodal point. The real-line
part is controlled by the Hilbert-space approximation developed earlier, while the toroidal correction is
reduced to one-sided corner kernels and estimated by low-rank approximation with small positive trace
error. After summing over the coordinates, this gives the required rank comparison and proves the
theorem.

4.1 Equilateral sets in (R", |- |,) and (T",d,)

We begin with a simple embedding observation showing that the torus problem is at least as hard
as the corresponding Euclidean problem. We also explain why on the torus it is enough to treat the
regime of large common distance.

Lemma 4.1. Let n = 1 be an integer. For 1 < p < o0, the following statements hold:

(1) If A< (T",dp) is an equilateral set with common distance A\ < 1/3, then A is isometric to an
equilateral set in (R™, | - |,).

(2) If B < (R™,|-|p) is an equilateral set with common distance X < 1/2, then B embeds isometrically
into (T™,d,).

Proof. For (1), translate A so that =* = (1/2,...,1/2) € A. Let @ = (x1,...,z,) € A\{x*}. Since
dr(zi, 1/2) < dy(x,x*) = X < 1/3 for every i € [n], we have z; € (1/6,5/6). Now let x,y € A be
distinct. Then for every i € [n], 1 — |x; — y;| > 1/3, whereas dr(x;,y;) < dp(x,y) < 1/3. Thus the
second branch in the definition of dr cannot occur, and so dr(z;,y;) = |x; — y;| for every i € [n].
Therefore A, viewed inside the cube (1/6,5/6)" < R", has the same pairwise distances as in (T", d,).
This proves (1).

For (2), let m : R — T™ be the coordinatewise quotient map. Let &,y € B be distinct. Since
|z; —yi| < |lx —ylp, = X < 1/2 for every i € [n], we have dr(m(z;), 7(y;)) = |i — yi|. It follows that

dp(m(z), 7(y)) = |& — y|p. Thus 7|p is an isometric embedding of B into (T", d,). O
As an immediate consequence of Lemma (2), every equilateral set in (R™, || - ||,) can be rescaled

and embedded isometrically into (T",d,) with the same cardinality. Hence
e(ly) < ep(T™).

Lemma [4.1] also shows that the case of small common distance can be reduced to the case where
the common distance is 1/4. Indeed, let A < (T",d),) be an equilateral set with common distance
0 < A <1/4. By Lemma (1), A is isometric to an equilateral set B < (R",|| - |,) with the same
common distance A. Rescaling B by the factor (4\)~!, we obtain an equilateral set in (R", || - [,) with
common distance 1/4. By Lemma (2), this rescaled set embeds isometrically into (T",d,). Thus A
has the same cardinality as an equilateral set in (T",d,) with common distance 1/4. Consequently, in
proving upper bounds for equilateral sets in (T", d,), we may and will assume that A > %.
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4.2 Reduction to a one-dimensional statement

We write T = R/Z, equipped with the circular distance

dr(z,y) = min{|lz —y|, 1 — |z —y|},

where x,y are represented in [0, 1). Equivalently, identifying T with [—1/2,1/2), we write

p(x) := dr(z,0) = |z,

where x denotes its representative in [—1/2,1/2). Thus dr(z,y) = p(x — y), with 2 — y taken modulo
1. For &,y € T", set

n 1/p
dp(z,y) = (Z pae — yt)p> :
t=1

Throughout this section, for a real symmetric matrix M, we write

tr+ Z )\
>

0

where eigenvalues are counted with multiplicity. Define

07 1<p<2,
9, 1= _
? p , p>2.
3p—2
Notice that, for p > 2, = 19 _%—l

For z,y € T, define the anchored kernel

By(z,y) := 5 (p(@)? + p(y)? — plz —y)P).

N

The key auxiliary tool is the following one-dimensional proposition.

Proposition 4.2. Let p > 1. Let X = {x1,...,2m} S T and let N > 2. Define M;j := By(x;, z;)
for 1 <i,5 < m. For every € > 0, there exists Cp. > 0 such that there are real symmetric matrices
L, R € R™™ sqtisfying

(1) M<L+R.
(2) rank L < Cp . (mUr + log(2m) + log(2N)).
(3) tr(R) < £ X7, pla)? + Cpe .
We first show how Proposition implies Theorem
Proof of Theorem [1.5 assuming Proposition[{.3. Let
={zg,x1,...,xn} < (T",d,)

be an equilateral set with common distance \. By translation, assume xy = 0.

As explained at the end of Subsection we may assume that \ > i.

For each coordinate t € [n], put (By)ij := Bp(zit, ;) for 1 < i,j < m. Since dp(x;,0) = X and
dp(z;, ;) = X for i # j, we get

i m t Tm). (23)
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Fix e, > 0, to be chosen later. Choose N := [Kn]|+ 2, where K = K (p, ) is sufficiently large that
Cpex v < €47 P. Apply Proposition to each B;. Thus there are symmetric matrices Ly, Ry € R™*™
such that By < Ly + Ry, rank Ly < Cp ¢, (mﬁp + log(2m) + log(QN)), and

m

tro(Re) <ex ) p(xit)’ + Cpey N

s

@
Il
—_

Set Lp := Y ; Ly and Rp := > | R;. Then, by (23),

AP
?(Im + Jm) <Lp+ Rp.

Moreover, by subadditivity of tr,

m
mmn
try (Rp) < e Z Z p(x; )P + Cp,g*w < 2e,mAP,

where we used A > 1/4 and the choice of N.
Let s = rank Lp, and let P be the orthogonal projection onto ker L. Then rank P > m — s, and
since PLpP = 0,

AP AP
PRpP = P(Lp+ Rp)P > P?(Im + Jm) P > ?P.
For every real symmetric matrix R and every orthogonal projection P, one has
try(R) = tr(PRP).

Therefore
P

A
2e,mAP = tr (Rp) = tr(PRBP) > ?(m —3).

m

Taking e, = 1/16, we obtain m — s < ¢, and hence m < 2s.

On the other hand,
s =rank Lp < nCp, (mﬁp + log(2m) + log(2N)).
Thus
m < Cpn (m’g?’ + log(2m) + log(2n)) (24)

for some constant C, > 0.
If 1 < p <2, then 9, = 0. Hence m < Cpnlog(2m) + Cpnlog(2n). The elementary bootstrap
estimate gives
m < Cpnlog(2n).

Now suppose p > 2. If m < nY(=%) then the desired bound already follows. Otherwise
m > nY1=%) Since ¥, > 0, we have

log(2m) + log(2n) < Cpym?».
Thus gives m < C’pnmﬁp. Consequently,

m < Cpnl/(l—ﬁp) _ Cpn3/2—1/p‘

Since |A| = m + 1, the theorem follows after adjusting the constant C,. O
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4.3 Preliminaries for the one-dimensional proposition
We first record a linear algebra observation.

Lemma 4.3. Let A, D € R™*™ be symmetric matrices and let C,, := m—%Jm. IfC,AC,, < Cp, DCyy,
then there exists b € R™ such that
A<D+1b" +b17.

Moreover, if Cp, ACy, = Ci DC,y,, then b may be chosen so that equality holds.
Proof of Lemma[{.3 Put S := D — A. The assumption says that C,,SC,, > 0 on 1+. Decompose
R™ = 1+ @ span{1}.

The matrix 1b" 4+ b1T does not change the restriction to 1+. By choosing the component of b inside
11, we can cancel the off-diagonal block between 1+ and span{1}. Then choosing the component of b
in the direction of 1 sufficiently large makes the remaining scalar block nonnegative. Hence

S+1b" +b1" >0,

which is the desired domination. If C,,SC,, = 0, the same block computation allows us to choose b so
that the resulting matrix is identically zero. O

Lemma 4.4. Let p > 1. For every € > 0, there exists Cp. > 0 such that the following holds. Let
Tl,...,Tm €[—1/2,1/2], and let N = 2. Define

(Ji P + 5P — |2 — 24]7).

N | —

(Br)ij :=
Then there are symmetric matrices Lg, Rg € R™*™ such that
(1) Br < Lr + Rg.
(2) rank Lg < Cp.log(2N).
(3) Rr >0 and tr(Rg) < e |2iP + Cpf.

Proof of Lemmal{.4 1f p = 2h is an even integer, then
Lo 2n h h
(e + ol — o - yl?)

is a polynomial in x and y of degree bounded in terms of p. Hence Br has rank at most C),. Taking
Lr := Br and Rr := 0 gives the desired conclusion. Therefore, it suffices to consider the case
p € (2k,2k + 2).

First suppose p € (4q + 2,4¢q + 4) for some integer ¢ > 0. Set d := |B| = 2¢ + 1. Let
Ay = {x1,...,zp} S R, where repetitions ignored. By Lemma there are real constants
CQ(Ao,p), cee ,ng(A[),p) such that

d
K(x,y) = ). Cop(An,p)(w — )" — |z — y|P
r=1

is conditionally negative definite on Ag. Define K;; := K (z;,2;), and Pjj := —% Zle Car (Ao, p) (i —
z;)?". Since Cp, 1 = 0, we have

1
CmBrCy, = ichCm + Cp, PCy,.
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By Lemma 2.3] —C,,, KC,, > 0, and hence
CmBrCy, < C, PCyy,.
Lemma therefore gives a vector b € R™ such that
Bg < P+1b" +b1".
The matrix P has rank at most 2d + 1, and consequently
rank(P +1b" + b17) < Cp.

Thus we may take Lg := P + 1b" 4+ b1T and Rp := 0. This proves the lemma in this case.
It remains to consider the case p € (4¢,4q + 2) for some integer ¢ > 0, with p > 1. Let
Lo, wo, M4 o, M_ o be the objects supplied by Proposition and put

W .= [wo(:vl) wo(z2) - wo(xm)] € RAaxm™,
For every A € 1+, Proposition (i) gives

i Ailo(s)

i=1

2
FXTW (Mg — M_g)WA.
Hp
By Lemma in the equality case, there exists b € R™ such that
Br = cpq(Tolwi), To(w))my )5y + W (Myo — M_g)W +1bT + b17.

We approximate the Hilbert part by dyadic shells. By compactness of I'g([1/4,1/2] U [—1/2, —1/4]),
there is a finite-dimensional subspace Vy  Hg such that

dist(To(u), V)% < 47 P

ATBR = ¢,

for every u with 1/4 < |u| < 1/2. Let Ly := [% log, N1 +3and Vy := Zszoo T5—¢Vy. Then
dim Viy < Cpclog(2N).

Claim 4.5. dist(To(z), Vv)? < elzP + Cp e N1 for |2| < 5.
Proof of the claim. If 272 < lz| < 2=¢1 for some 0 < ¢ < Lo, then z = 2 %y for some u with
1/4 < |u| < 1/2. By Proposition [3.2] (ii),

dist(To (), Viv)? < 272 dist(To(u), Vo)? < 47Pe 27 < e|zP.
If |z| < 27502 then 0 € Vv, and By Proposition (ii) also gives

dist(To(), Vir)? < [Do(@) 3, < Cylal? < C,272oP < N,
This proves the claim. |

Let Py be the orthogonal projection onto V. Define
(LR)ij = cpa{PnTo(@i), PNTo(;))my + (WT (Mg — M_o)W),. +b; + b,
and set Rg := Br — Lg. Then
(Br)ij = cpg{(I = Pn)To(x:), (I — Pn)To(25))m,,
so Rg > 0. Moreover,
rank Lr < dim Vy + C), < C) . log(2N),

and

tr(Rg) _CPQZH I — Py)Lo(w; ”?—LB EZLTZ‘ +C,
i=1

This completes the proof. O
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4.4 The toroidal correction

We next treat the genuinely toroidal correction.

Lemma 4.6. Let ¢ : [0,1] — R be absolutely continuous, let )(0) = 0, and assume that 1" has bounded
variation on [0,1]. Then there exists a constant Ay < o0 such that the following holds. For every
0<7<1, everyuy,...,up,v1,...,0s € [0,7], and every integer N > 1, the matriz M;j := ¥ ((v;—u;)+)
admits a decomposition M = E + H such that |E|s, < Ay T‘]/\,E, and rank H < N. Moreover, after
increasing Ay if necessary, one has [(t)| < Ayt for 0 <t < 1.

Proof of Lemmal[{.6. Choose a representative of ¢’ of bounded variation, and put Ly := 9] 10 (0,1)
and Vy, := Varg1)(¢’). Since ¥(0) = 0, the Lipschitz bound follows from absolute continuity once
Aw = Lw

Fix 0 < 7 < 1. Define a function g, on [—2,2] by

0, —2<t<0,
g-(t) = { ¥(1t), 0<t<l,
2—-t)Y(r), 1<t<2.

Extend g, to a continuous 4-periodic function on R. On [—1,1], we have g,(t) = 1 ((7t)+). The
distributional second derivative of this periodic function is a finite signed periodic measure, and

|97l TvRazy < CT(Ly + Vy).

Also, [ gr|o-22)) < LyT. Let g-(t) = Xpen G- (£)e™/2 be the Fourier series on the period-four circle.
For £ # 0, two integrations by parts in the sense of distributions give

. C1(Ly + Vi)
§-(0] < 55—

Moreover, |g-(0)| < Ly7. Hence, for all K >0

where B, depends only on .
For u,v € [0, 7], the number (v — u)/7 belongs to [—1, 1]. Hence

v—u e~/ (27 wibv /(27
B =) = gr (T20) = Do (e e e

e

Let K := [ 3 J and let H be the real matrix obtained by keeping only the modes |¢| < K. The term
¢ = 0 has rank at most 1, and the modes ¢ and —/ together have real rank at most 2. Thus

rank H < 2K +1 < N.

The remainder is a sum of separated rank-one matrices. Since each separated vector has Fuclidean
norm 4/r or \/s, we get

> 1G-(0) 4,7V

IB]s, < < 4,7

[¢|>K

This proves the lemma. O
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For 0 <t < 1, define
pp(t) :==2"P((L+ )P — (1 —t)P).
Lemma 4.7. Let m > 1, let r + s <m, and let uy,...,ur,v1,...,0s € [0,1]. Define M;j := pp((vj —
u;)+). For every n € (0,1], there is a decomposition M = E + H such that |E|g, <7 <7" + 20 vf) ,
and rank H < Cp,, (m" + log(2m)).

Proof of Lemma[4.7. The function p, satisfies the assumptions of Lemma Indeed, p,(0) = 0, pp is
absolutely continuous, and

p(t) =p2 (L + )P+ (1 —t)P ),

with the obvious interpretation when p = 1. Hence p;, has bounded variation on [0, 1]. Let A4, := A,,
be the constant from Lemma We then split the proof into the three regimes 1 < p < 2, p = 2, and
p> 2.

First assume 1 < p < 2. Put

Ty 1= min{ 16Apm}

All columns with v; < 7, are put into the error. Since |pp(t)| < Apt, we get

nr
| Evot||s; < ApTars < 6

For the remaining columns, use dyadic column scales Cy < (74, 1]. For each scale, denote its upper
endpoint by 74, so that I < v; < 1y for every j € Cy, except possibly for the first or last truncated

scale, which only changes the absolute constants. Set Ry := {i : u; < 74}, rp := |Ry|, s¢ := |Cy|, and
By =Y, jec, v j The block Ry x Cy contains all nonzero entries from this scale. Moreover,

setp <20 ) of = 2By,
JjeCy

Apply Lemma to this block with Ny := [CpApnfl] . Then

TeA/TeSe
P NO :

[ Eellsy <

[ 2— / 2—
ToNTese = AT, P 3475<Cp(74 p?”e-i—Bg).

Since 2 — p > 0, the dyadic sum is summable:

T
2—p 2—p
Srtn=y % oAr<or
4

Now

i=1Lu; <ty
Also, >, By < Zj LV ] . Thus, after choosing the constant in Ny sufficiently large,
/]7 S
DB s, < 2 (r + ] v§> .
¢ j=1

Together with the bottom scale, this gives the required error estimate. The rank is at most a constant
depending on p, 7 times the number of scales. Since 7! < Cp.ym, we get

rank H < Cp, ,log(2m).
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Next assume p = 2. Then pa(t) = t. Put 7 := min {1, 16m} The columns with v; < 7, are put
into the error, giving

nr
E < Ters < —.
H bOtHS1 * 16
For each non-bottom dyadic column scale Cy, denote its upper and lower endpoints by 7, and
7y, and put s, := |Cy| and By := Z]EC@ . Split the relevant rows as R, := {i : u; < 7,} and

RZ = {i: 7y <wu; < 7). Rows with w; > 74 give zero entries on Cy. If i € R, and j € Cy, then u; < vy,
and hence (vj; — u;)4 = vj — u;. Thus the block R, x Cy has rank at most 2, and is put entirely into
the low-rank part.

On R; x Cy, apply Lemmato Y(t) =t with No := [Cn~!|. Writing r; := |R/|, we obtain

T rzrsz

E <C

Since ) . .
TA/T S0 < sl + —semf < —r/ + CBy,
2 2 2
and since the row bands R} are disjoint, we have Y},r < r. Also }}, By < 2 v . Hence the total

error is bounded by 7 (7" + Z 2) , after increasing the constant in Ny. The rank contribution per
scale is at most 2 + No, so rank H < C), log(2m)

Finally assume p > 2. Put 0 := 9 My := m? and 79 := m~2/=2) Then Tol P2 My

and 79, /Mﬂo = Mj. Let
CQ:Z{j:0<Uj<T0}

be the bottom scale. For the remaining columns use dyadic scales

P_Bp 2’

Cop:={j: 211, < v < 2Z7'0},

for £ > 1, with the last scale truncated at 1. The number of non-bottom scales is at most C, log(2m).

First consider the bottom scale. Put Ry := {i : u; < 710}, o := |Ro| and s := |Cy|. If 7o < My,
put the whole bottom block into the low-rank part, and its rank is at most M. If ro > My, apply
Lemma with Ny := [CpApn_lMo] . Since sg < m and ro > My,

7'0\/7’050 TOT0A / T()T'(M / M()’I“O

Therefore the bottom error is at most nro/4, after choosing the constant in Ny large enough, and the
bottom rank is O, (Mo).

Now consider non-bottom scales ¢ > 1. Define Ry := {i : u; < 14}, rp := |Rg| sp = |Cy| and
By := dec . As before, sy7;] < CpBy. Set v : 52, S:=31 7, and ay: . If there are no
non-bottom scales there is nothing to prove. Otherwise Yo = 1. Apply Lemma on the ¢-th

1—p/2
block with Nj = [C,,Apn—“i/;} . Then

Tg‘/TZS
[ Eells, < A Cpny/agren] ety

Using 2ab < a? + b?, we obtain

ﬂaﬂ"g + Cpnt.

|Eels, <
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Summing in ¢, and using >}, oyry < 7 and ), By < Zj vf, the total non-bottom error is bounded by

2 (r +2 v?) , after adjusting constants.
It remains to estimate the rank. We have

Since %—1/2 = 51/27'2/2 and 1 —§ + 3 = —v, we get

The dyadic sum is dominated by its first term: S < C,7; 7. Therefore
52 < Cyry P = Cpry PTIR = CumD/Gr-D) = 0,

Thus the non-bottom rank is at most Cp (Mo + log(2m)). Including the bottom scale gives the same
bound. This completes the proof. O

Proposition 4.8. Let X = (z1,...,2n) € [—1/2,1/2], and define Wy(x,y) := |z — y[P — p(z — y)?.
Let Wy(X) := (Wp(za,zm)zﬂzl. For every e € (0,1], there is a decomposition W,(X) = F 4+ G into
real symmetric matrices such that try (F) < ey, |2¢|P and rank G < Cp o (m?» + log(2m)).

Proof of Proposition @ Reorder the sample so that the positive points come first and the negative
points second. Points equal to 0 give zero rows and columns in Wp(X ), and may be ignored.
Write the positive points as x; = %, with a; € (0,1], and the negative points as y; = —%, with
bj € (0, 1].
Same-sign pairs give no contribution, since then |r — y| < 1/2 and hence p(x —y) = |z — y|.
For an opposite-sign pair x = a/2 > 0, y = —b/2 < 0, one has
a+b

|z —y| = 5

If a + b < 1, then again p(z —y) = |z — y|, so Wy(x,y) = 0. If a + b > 1, then

a+b_2—a—b
2 2

plz—y)=1-

Therefore, in all cases,
Wy(z,y) = pp((a +b— 1)+)7
where pp,(t) = 277 ((1 + )P — (1 — t)P). Thus, after the above ordering,

0 D
W) = (e o).
where D;; = pp((a; +b; —1)1).

Split the positive and negative indices into
Iy = {i:a; > 1/2}, Lo :={i:a; <1/2},

and
Jhi = {] : bj = 1/2}, Jo 1= {] : bj < 1/2}'
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On ), x Jio, one has a; + b; < 1, and hence the corresponding block of D vanishes.

First consider the block Ip; x {1,...,s}. Put u; := 1 —a; and vj := b;. Then a; + b; — 1 = vj; — u,,
and the block has the form pp((vj — uz)+) Applying Lemma with parameter n € (0,1], we get a
decomposition of this block into Fq + Hq, with

|E1ls, <n (lfhil + Zb§>
J
and rank Hy < G,y (m% + log(2m)). Since a; > 1/2 on Iy, [In| < 2P Y]

1E1]s, < Cpn (Z a; + Z’ﬁ) -
i J

Next consider the block I, x Jy,;. Transpose it and put u; := 1 —b; and v; := a;. Then a; +b; —1 =
v; — uj, so the transposed block again has the form ,op((vi — uj)+). Lemma gives a decomposition

Ey + Ho, with
|E2lls, <7 <|Jhi| + 2 af)

ie]lo

a?. Thus

iEIhi 1

and rank Hy < Gy, (m”» + log(2m)). Since bj > 1/2 on Jy;, |Jui| < 2P 2jeds b?, and therefore
[E2]s, < Cpn (Z a; + Z’f) :
( J
Combining the two rectangular pieces, we obtain D = Ep+Hp, with | Eplls, < Cpn (ZZ a + 3 b?) ,

and rank Hp < Cp, (m?” + log(2m)).
Now embed this rectangular decomposition into the full symmetric matrix:

'_OED ‘_OHD
Ff(% o)’ Gf@% o)

Wy(X)=F+G.

The nonzero eigenvalues of F' are precisely the singular values of Fp, with both signs. Hence
tr4(F) = |Epls,-
Also, rank G < 2rank Hp. Consequently,

try (F) < Cpn (Zaf+2b§> :
i J

and rank G < G, (m?» + log(2m)).
Finally, since a; = 2|z;| and b; = 2|y;|, we have

IESIEED WD
7 7 /=1

Then

Choosing n = ¢/(Cp2P), we obtain
m
o (F) e Y Jal.
(=1

The rank estimate becomes
rank G < Cp ¢ (mﬂp + log(2m)).

This completes the proof. O
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4.5 Proof of the one-dimensional proposition

Proof of Proposition[{.4 Let ¢o := 5. We identify T with [-1/2,1/2), and write x; also for the
representative of x; in this interval. Thus p(x;) = |z;|. For =,y € [-1/2,1/2), define

Br(z,y) := s (|z[P + |y|P — |z — y[P),

| =

and
We,y) = 5 (12— ol? — pla — )?).

Then
Bp(l’,y) = BR(xvy) + W(.’L',y),

and hence the matrix M decomposes as M = Br + W.
By Lemma@, applied with gg, there are real symmetric matrices Ly, R such that Br < Ly + Rp,
rank Lr < Cp.log(2N), Rg > 0, and

m
tr (Rg) = tr(Rg) <o ), [zif” + Cpexc.
i=1
By Proposition applied with ¢, the matrix
Wy(X) = (Jzi — 2" — pla; — 2;)7) ",
admits a decomposition W,,(X) = Fy + G such that try (Fpy) < e 22, |z;|P, and
rank Gy < C) ¢ (mﬁp + log(2m)).
Since W = 1W,,(X), we may write W = F + G with try (F) < g9 Y14 |2;|P and
rank G < Cp (mﬂp + log(2m)).
Finally set L := Lg + G and R := Rg + F. Then
M=Br+W<Lrp+Rrp+F+G=L+R.

Moreover,
rank I < rank L + rank G < C), ¢ (mﬁp + log(2m) + log(2N)).

By subadditivity of tr,
try (R) < try(Rg) +tr(F) <e ) p(z:)f + Cpe

1=

SE

This proves the proposition. O

5 Lower bounds for e,(T")

5.1 Proof of Theorem [1.6

Let V :=F" be an m-dimensional vector space over ., and then |V| = r™ = q. We write

V* := Homg, (V,F,)
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for the dual space of V| namely the set of all F,-linear maps ¢ : V — F,.. Elements of V* are called
linear functionals on V. It is a standard fact that V* is again an m-dimensional vector space over F,..
In particular, |[V*| = r™ = q. For these basic facts on dual spaces, see for example [I5].

Since 7 is odd, every nonzero functional ¢ € V* is distinct from —p. Therefore the set V*\{0} is
partitioned into disjoint pairs {¢, —¢}. Notice that |[V*\{0}| = ¢ — 1 = 2n, there are exactly n such
pairs. Choose one representative from each pair and denote them by

Ply---rPn € V*\{O}

We also identify F, with the set of integers {0,1,...,r — 1}, and then with the corresponding subset of
T = R/Z via

a
a— —
r

Now define a map n: V' — T™ by
() = (sol(w) pa(z) san(w)) .

T
We claim that 7(V) is an equilateral set in (T",d,). Let x,y € V be distinct, and write u := x —y # 0.
Consider the evaluation map E,, : V* — F,, with Ey(¢) := ¢(u). Since u # 0, this is a nonzero linear
functional on the m-dimensional space V*. Hence FE,, is surjective, and every fiber has cardinality
|E, (a)] = r™~ ! for each a € F,. In particular, among all functionals in V*,

e exactly r™ ! satisfy ¢(u) = a for each a € F,;

e hence, among the nonzero functionals in V*\{0}, exactly 7™~ — 1 satisfy ¢(u) = 0, and for each
nonzero a € FX, exactly r™~! satisfy p(u) = a.

Now pass from nonzero functionals to the chosen representatives 1, ..., @y, that is, to the quotient
by the involution ¢ — —p. For each integer t € {1, 2,00, %}, the set of nonzero field elements
{£t} consists of two distinct elements of F,.. Since each of the values ¢ and —t occurs exactly ™1
times among all nonzero functionals, it follows that among the chosen representatives 1, ..., ©n,
exactly ™! of them satisfy p;(u) € {t, —t}. Also, exactly Tm;_l of the chosen representatives satisfy
@j(u) = 0.

By the definitions, for a coordinate j with ¢;(u) € {t,—t}, the j-th coordinate difference is either
t/r or 1 —t/r, and hence the circular distance is exactly % Therefore

(r—1)/2 p
dy (@) ()" = S (t) |

t=1 r

Thus n(V) is indeed an equilateral set in (T, d)).

It remains only to note that 7 is injective. Indeed, if * # vy, then u = © —y # 0, and
hence there exists some ¢ € V* with ¢(u) # 0. Therefore the pair {¢, —¢} contributes one chosen
representative ¢; with ¢;(u) # 0, so the j-th coordinates of n(x) and n(y) are different. Thus
In(V)| = |V] =r™ = q¢ = 2n + 1. This finishes the proof.

5.2 Proof of Theorem [1.7]

For an odd prime ¢ and an integer u, write |ju], € {0, 1,..., qg—l} for the unique integer such that

|ullq = +u (mod ¢). We also write x, for the quadratic character modulo ¢, so that x,(0) = 0, x4(a) =1
if a is a nonzero quadratic residue modulo ¢, and x4(a) = —1 otherwise.
We first construct a g-point equilateral seed from quadratic residues.
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Lemma 5.1. Let q be a prime with ¢ =1 (mod 4). Put M := qg—l and define Ry := {a e {1,...,M}:
Xq(a) =1}. For s > 0, let Fy(s) := Zi\il Xq(a)a®. If Fy(p) = 0 for some p > 0, then

B, — {bj _ (;) ) :jeIFq} < a1/
a€Rq

is a q-point equilateral set in (T@1/4, dp).

Proof of Lemma[5.1l Since ¢ =1 (mod 4), we have x4(—1) = 1. Hence the two elements a and —a
have the same quadratic character. Therefore, among the representatives 1,2,..., M, exactly half are

quadratic residues. Thus
M q—-1
Ry =—=—.
‘ q’ 2 4

Let Ng := {1,..., M}\R,. Notice that the points b; are distinct. Indeed, if b; = by, then for every
a € Ry we have a(j — k) =0 (mod ¢). Since a # 0 (mod g¢), this implies j = k. Hence |B,| = ¢. Now
take j # k, and put h:= j — k € F. Then

dp(bj, br)" = ¢7" ) |ahl}.

acRy

If x4(h) = 1, multiplication by h preserves quadratic residues. Since x4(—1) = 1, it also preserves the
quadratic character on each pair {#u}. Thus {||ah|, : a € Ry} = Ry. If x4(h) = —1, multiplication by h
swaps residues and nonresidues on the pairs {+u}, and therefore {||ah|, : a € Ry} = N,. Consequently,
dp(bj, by)? equals either g7 3, cp uP or ¢7P 3,y uP. Notice that

Fq(?) = Z uf — Z u? =0,
ueR, ueNy

which yields B, is equilateral. O

The next lemma lifts a g-point seed to a larger equilateral set using the standard projective simplex
code.

Lemma 5.2. Let q be a prime, let p > 0, and let B = {by : « € Fg} < T" be a g-point equilateral set in
(T, dp), with common nonzero distance 6. Then for every integer m > 1, the space (Tr(qm_l)/(q_l), dp)
contains an equilateral set of cardinality ¢q"".

Proof of Lemma[5.2 Let L := q;n:ll. Choose representatives v1,..., v of the one-dimensional sub-

spaces of Fi". For uw € F*, define
c(u) := (u-'vl,...,u~vL)eIFqL.

We first recall the standard distance property of this simplex code. If u # u/, put w := u — u’ # 0.
The coordinates 4 for which u - v; = v’ - v; are exactly those for which

viewlzz{weF;”:w-wzo}.

Since w # 0, the hyperplane w* has dimension m — 1, and hence contains < qil_ ! one-dimensional

subspaces. Therefore the number of coordinates on which ¢(u) and ¢(u’) differ is

qg—1
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Now define
®(u) := (buwys - -, buw, ) € (T =T

If u # u/, then the previous paragraph shows that exactly ¢™ ! blocks of ®(u) and ®(u’) are different.
In each different block, the two entries are distinct points of the seed B, and therefore contribute 67 to
the p-th power of the distance. The remaining blocks contribute 0. Hence

dp(®(u), ()’ = ¢" 6P,

independently of the choice of distinct w,u’ € F7". Thus {®(u) : u € F'} is equilateral in T".
Moreover, if u # u’, then c(u) and c(u’) differ in ¢™~! coordinates. In particular, ®(u) # ®(u').
Therefore the constructed equilateral set has cardinality |IF;”| = ¢". This completes the proof. O

We now show that infinitely many primes provide a seed exponent p,.

Proposition 5.3. There exists a constant Qo with the following property. Let ¢ = Qo be a prime

satisfying ¢ = 1 (mod 4) and x4(3) = xq¢(5) = xq(7) = xq(11) = —=1. Put M := qu and Fy(s) :=

Zfl\il Xq(a)a®. Then there exists pg > % such that Fy(pg) = 0. Consequently, for every integer m > 1,

if n = , then ep, (T") = 4n + 1.

Proof of Proposition[5.3. For z > 0, define H,(x) := M~*F,(Mz). Then

ZXq Gr)

Reindex by writing a = M — j, where 0 < 7 < M — 1. Since

. oqg—1 27+ 1
M-j="5--j=-"5 (mod gq),

and since ¢ = 1 (mod 4), we have x,(—1) = 1. Put g, := x4(2) € {+1}. Because x,4(2)7! = x4(2), we
get
Xa(M = 5) = Xq(=1)xq(2) "' xq(25 + 1) = £9xq(25 + 1).

Therefore
M—

Mx
egHy(x Z 2]+1)(1—]‘\74> .

We evaluate this expression at z = 1. The assumptions give x4(1) = 1, x4(3) = x4(5) = Xq( ) =
xq(11) = =1 and x4(9) = x4(3)? = 1. Hence the first six coefficients x,(2j + 1), for j = 0,1,...,5, are

1,—1,—1,—1,1, 1. Thus
(> 25: M/2 ]\42—:1 ]M/Q
(o) 208
=0 j=6 M

J

\M/2 ,
where (sg, s1, 82, 83, 84,85) = (1,—1,—1,—1,1,—1). For each fixed j, (1— ﬁ) —» ¢79/2 when
M2

M — o0, and for all 0 < j < M — 1, (1 - ﬁ) < e9/2_ 1t follows that

1
limsup e H, () <C,

q—»OO 2
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. . _ =z _3
where C:=1—e V2 —e 1 — 324 2 524 Z;O:G e /2, Since Z;O:(s e 2 = 1_68771/2, we have

-3
C=l-e2_el_eB32 ¢2 52, °

1—e /27
Set ¢ := ¢ /2. Then .
t N(t
C=1-t—-8-3+t*—+ :L,
1—1t 1—1t

where N(t) = 1 — 2t + 2t* — 2> + 2¢%. Notice that 3/5 < ¢t < 61/100 and we can also compute that
N'(u) = 2(6u® — 5u* + 4u® — 1). Then one can check that N(t) is strictly decreasing on [0,61/100],

and so 5 47
Nit)<N(<-)=——=<0
5 15625

Since 1 — ¢ > 0, we obtain C' < 0. Consequently, there exists (g such that for every prime ¢ > Qq

satisfying the hypotheses, €qu(%) < 0. On the other hand, as x — o0, every term in the expression

for egHy(x) with j > 1 tends to 0, while the j = 0 term is equal to 1. Thus

lim e,Hy(xz) = 1> 0.

r—00

4

Since e,H,() is continuous on (0, 0), the intermediate value theorem gives some z, > 5 such that
Hy(zq) = 0. Now set pg := Mx,. Then Fy(py) = 0 and py > M - % = 1 Finally, Lemma gives a

g-point equilateral set in T with respect to dp, . Applying Lemma with r = %1 gives, for every
-1 ¢™m-1 m_
m = 1, an equilateral set of cardinality ¢™ in T %7 =T

Hence e, (T") = 4n + 1.

1 m

fn = q4_1,thenqm=4n+1.

O
It remains to show that infinitely many primes satisfy the Legendre-symbol conditions used above.

Lemma 5.4. There exist infinitely many primes q such that ¢ = 1 (mod 4) and x4(3) = xq(5) =
Xq(7) = Xq(11) = —1.

Proof of Lemmal5.4 For each ¢ € {3,5,7,11}, choose a quadratic nonresidue r; € (Z/(Z)*. By the
Chinese remainder theorem, there exists an integer r such that r = 1 (mod 4) and r = r, (mod /)
for each ¢ = 3,5,7,11. In particular, ged(r,4-3-5-7-11) = 1. By Dirichlet’s theorem on primes in
arithmetic progressions, there are infinitely many primes ¢ = r (mod 4620). For every such prime ¢,
we have ¢ = 1 (mod 4). Hence quadratic reciprocity gives

Xq(0) = xe(q) = xe(re) = —1
for £ = 3,5,7,11. This proves the lemma. ]
Proposition [5.3] and Lemma [5.4] together yields Theorem

Remark 5.5. For the sake of keeping the proof concise, we have restricted ourselves to a convenient
infinite family of sufficiently large primes ¢, which already suffices to show that the values of p for which
ep(T™) = 4n + 1 holds for infinitely many n can be chosen arbitrarily large. In fact, if one only asks
for the existence of some p,; > 1, rather than the stronger lower bound p, > (¢ — 1)/4, then a similar
argument shows that, for every prime ¢ =1 (mod 8), there exists p, > 1 such that e, (T") > 4n + 1

m
—1
for every m > 1, where n = 4——.
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6 Concluding remarks

We have proved that Kusner’s conjecture holds for every 2 < p < 4 and every dimension n. More
generally, for p € [4k + 2,4k + 4], we obtain the linear bound e(f;) < (2k + 1)n + 1, while for the
complementary intervals p € (4k, 4k + 2), we prove the almost linear estimate e({};) < C, xnlog(2n).

The main difficulty in Kusner’s conjecture is that the usual finite-dimensional algebraic methods
are naturally adapted to even exponents. When p is an even integer, the kernel |x — y|P is polynomial,
and one can hope to control the corresponding distance matrix by rank considerations. Away from
the even integers, however, the kernel is no longer finite rank in any direct sense. This is the central
obstruction behind the problem: one needs a way to extract enough finite-dimensional structure from
a non-polynomial kernel.

Our approach shows that this obstruction can be overcome on the intervals [4k + 2,4k + 4]. The
key point is not simply to approximate |z — y|P, but to decompose it with the correct signs. More
precisely, after adding a suitable one-dimensional correction, the remaining kernel is conditionally
negative definite, while the positive oscillatory part has controlled rank. Once the distance matrix
is double-centered, the conditionally negative definite part becomes positive semidefinite and can be
absorbed into the favorable side of the rank comparison. This sign-sensitive decomposition is what
makes a linear bound possible beyond the isolated even cases.

The complementary intervals (4k, 4k + 2) appear to be genuinely harder. In this range, the same
finite rank correction no longer has the required sign pattern. Our proof instead keeps an infinite-
dimensional Hilbert space component and then approximates it on dyadic shells. The logarithmic
factor in C), ynlog(2n) comes exactly from this multiscale approximation. Thus the remaining problem
is not merely a matter of sharpening constants, and it asks for a new way to control all scales at once,
or for a stronger use of the global equilateral structure.

Question 6.1. Let p € (4k,4k +2) and p > 1. Is it true that e(£}) < Cpn for all n > 17

A positive answer would show that the equilateral number is linear throughout the whole super-
Euclidean range p > 2. At present, the main obstacle is the lack of a finite-dimensional decomposition
with the correct sign pattern on these intervals.

We also prove new upper bounds for the toroidal problem, namely e,(T") < Cpnlog(2n) for
p € [1,2], and e,(T") < Cpn3/ 2-1P for every fixed p > 2. The toroidal problem introduces a different
difficulty. Even after anchoring at the origin, the cyclic distance creates a wrap-around correction
which has no analogue in R™. This correction is supported near the opposite corners of the circle
and is not controlled by the Euclidean kernel alone. Our proof handles it by reducing the problem to
one-sided rectangular kernels and then decomposing these kernels into a low-rank part plus a small
positive-trace error. This mechanism is strong enough to improve Alon’s polynomial bounds for all
finite p, but it still falls short of the expected linear estimate.

Question 6.2. For every fixed p > 1, is there a constant C, such that e,(T") < Cpn for all n > 17

Even obtaining such a linear bound in the endpoint cases p = 1 and p = 2 seems to require new
ideas. Our bound e,(T") < Cnlog(2n) for p € [1,2] is within a logarithmic factor of the linear bound
asked for above. It remains unclear, however, whether this logarithmic loss is merely an artifact of the
method or a genuine feature of the toroidal setting.

Finally, the methods developed here suggest a broader principle. In several places, a global
equilateral condition is transformed, after centering, into a rank or positive-trace comparison through
a carefully chosen kernel decomposition. It would be interesting to see whether similar sign-sensitive
kernel decompositions can be used in other extremal problems where polynomial methods capture only
the even exponent or finite rank cases.
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