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Abstract

In the regular three-eigenvalue setting, spectral complexity and coherent-algebraic complex-
ity coincide: a connected regular graph has exactly three distinct eigenvalues if and only if it
is strongly regular, its coherent rank is three. Although examples of regular graphs with four
distinct eigenvalues and coherent rank larger than four are known, it was unknown whether
coherent rank is uniformly bounded among regular graphs with four distinct eigenvalues. We
show that no such bound exists, even under the additional assumption of co-edge-regularity.
For every prime power g, we construct infinitely many co-edge-regular graphs with exactly four
distinct eigenvalues, smallest eigenvalue —2¢ — 1, and coherent rank at least ¢ + 4. Conse-
quently, coherent rank is unbounded among co-edge-regular graphs with exactly four distinct
eigenvalues.

Keywords. Coherent rank; graph spectra; co-edge-regular graphs; partial linear spaces; finite
geometry; WQH-switching.

1 Introduction

Strongly regular graphs are among the central objects of algebraic graph theory; see, for ex-
ample, [3]. They lie at the intersection of finite geometry, design theory, association schemes, and
spectral graph theory. One of their most useful characterizations is spectral: a connected regular
graph is strongly regular if and only if it has exactly three distinct eigenvalues. The coherent rank
of a graph is the dimension of the coherent algebra generated by its adjacency matrix. From this
coherent-algebraic point of view, a strongly regular graph has coherent rank three. Thus, in the
regular three-eigenvalue setting, the two natural measures of complexity—the number of distinct
eigenvalues and the coherent rank—coincide in the strongest possible way.

This paper asks how far this agreement can persist beyond the strongly regular case. Since
the adjacency algebra of a graph has dimension equal to the number of distinct eigenvalues and
is contained in the coherent closure, coherent rank is always at least the number of distinct eigen-
values. The first regular case in which equality is no longer forced is therefore the four-eigenvalue
case. The four-eigenvalue case is also natural from the viewpoint of association schemes: relation
graphs of symmetric three-class association schemes have at most four distinct eigenvalues, and in
the genuine four-eigenvalue case their coherent rank is four; see [11,13]. Thus association schemes
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provide a canonical rank-four model in the four-eigenvalue setting. The question addressed here is
whether coherent rank can still be uniformly bounded under strong regularity-type assumptions.
The assumption we impose is co-edge-regularity: a regular graph is co-edge-regular if every pair of
distinct non-adjacent vertices has the same number of common neighbours.

This co-edge-regularity assumption is natural from the viewpoint of distance-regular graphs.
Terwilliger showed in his lecture notes that the local graphs of thin ()-polynomial distance-regular
graphs are co-edge-regular and have at most five distinct eigenvalues; see [10]. Thus co-edge-regular
graphs with few distinct eigenvalues, and in particular with four eigenvalues, form a natural local
model in the study of @-polynomial distance-regular graphs; see also [6].

Our main result shows that even this co-edge-regular four-eigenvalue setting admits no uniform
bound on coherent rank.

Theorem 1.1. For every integer ¢ > 2 admitting an affine or projective plane of order q, there
exist infinitely many co-edge-regular graphs with exactly four distinct eigenvalues and smallest
eigenvalue —2q — 1, for which the number of common neighbours of adjacent vertex pairs takes at
least q + 2 distinct values. In particular, these graphs have coherent rank at least q + 4.

Consequently, since affine and projective planes exist for every prime power ¢, coherent rank
is unbounded among co-edge-regular graphs with exactly four distinct eigenvalues. Thus, even
among graphs that are only one eigenvalue beyond the strongly regular case and that retain strong
regularity-type conditions, coherent rank need not be bounded.

The construction has a simple geometric idea. We start from a regular partial linear space
containing an affine or projective plane as a subspace, and we take two copies of its point set.
In one layer, selected lifted lines are modified by exchanging their traces on the embedded plane,
while the parts outside the plane are left unchanged. Each elementary exchange is an instance of
Wang—Qiu-Hu switching [14], and hence preserves the spectrum. The resulting graph is therefore
cospectral with the corresponding untwisted two-layer graph, namely the 2-clique extension of the
original point graph.

Although the spectrum is preserved, the coherent structure changes substantially. The accu-
mulated twists create many distinct common-neighbour counts on adjacent vertex pairs. These
counts are detected by the coherent closure, and hence force the coherent rank to grow. In the
abstract form of the construction, whenever the line size is sufficiently large relative to ¢, the final
twisted graph has at least ¢ + 1 more distinct adjacent-pair common-neighbour counts than the
original point graph. When the original point graph is strongly regular, this yields coherent rank
at least g + 4.

We realize this construction in two classical design-theoretic settings. Nets containing affine
subplanes yield twisted Latin square graphs, while regular semiplanes, equivalently duals of Steiner
systems, containing projective subplanes yield twisted Steiner graphs. For each fixed ¢ satisfying
the corresponding plane-existence assumption, and for all sufficiently large admissible parameters,
the resulting graphs have the properties stated in Theorem 1.1.

The question of coherent rank under spectral restrictions has also been considered outside
the regular setting. Greaves and Yip [8] studied connected graphs with exactly three distinct
eigenvalues and asked whether their coherent ranks can be unbounded. Our result is complemen-
tary: we remain in a highly regular setting, but move from three to four eigenvalues. Thus four
eigenvalues already suffice to separate spectral simplicity from bounded coherent rank, even under
co-edge-regularity.

The paper is organized as follows. Section 2 collects the necessary graph-theoretic, coherent-
algebraic, switching, and finite-geometric preliminaries. Section 3 introduces the twisted partial
linear graphs. Section 4 proves their structural and spectral properties and derives the coherent-
rank lower bound from adjacent-pair common-neighbour counts. Section 5 applies the construction
to nets and regular semiplanes, yielding the twisted Latin square and twisted Steiner graph families.
Section 6 gives concluding remarks.



2 Preliminaries

2.1 Graphs

Let G be a simple graph with vertex set V(G), edge set E(G), and adjacency matrix A(G).
Two graphs are cospectral if their adjacency matrices have the same spectrum. For x € V(G),
write Ng(x) = {y € V(G) : x ~ y}. For adjacent vertices z,y, put Ag(z,y) = |Na(z) N Na(y)|
and define the A-level of G by A(G) = #{Ag(x,y) : = ~ y}. For non-adjacent vertices z,y, put
pua(z,y) = |Ng(x) N Ng(y)|. We suppress the subscript G whenever the graph is clear.

A graph is sesqui-reqular with parameters (v, k, ) if it is k-regular of order v and every two
non-adjacent vertices at distance two have exactly u common neighbours. It is co-edge-reqular with
parameters (v, k, 1) if it is sesqui-regular with parameters (v, k, 1) and has diameter two. A graph
is strongly regular with parameters (v, k, A, p) if it is co-edge-regular with parameters (v, k, 1) and
Ag(z,y) = X for every edge zy. Equivalently, in the terminology above, strongly regular graphs
are precisely co-edge-regular graphs whose A\-level is 1.

We shall use the following standard facts.

Lemma 2.1 (cf. [12, Proposition 2]). Let I'y be a connected k-regular graph. If T's is cospectral
with T'y, then 'y s also k-reqular.

Lemma 2.2 (cf. [7, Lemma 10.2.1]). A connected non-complete reqular graph is strongly regular
if and only if it has exactly three distinct eigenvalues.

2.2 Coherent rank

Let A = A(G). The coherent closure W (G) is the smallest coherent algebra containing A, that
is, the smallest matrix algebra over C containing I, J, A that is closed under transposition and
entrywise multiplication. The coherent rank cr(G) of G is the dimension of W (G).

Lemma 2.3. If G is a non-complete graph with \-level t, then cr(G) >t + 2.

Proof. Let A1,..., A\ be the distinct values of Ag(z,y) on edges. For r = 0,1,...,t — 1, set
M, = Ao (A?)°" where (A2)° = J. Each M, lies in W(G), and on an edge with A\g(z,y) = \s its
entry is AL. Thus any linear relation among My, ..., M;_; gives a polynomial of degree at most t—1
vanishing at the ¢ distinct numbers Aq,..., A, so all coefficients are zero. Hence these ¢ matrices
are linearly independent. Together with I and the non-zero matrix J — I — A, whose supports are
disjoint from the edge support, they give ¢ 4 2 linearly independent matrices in W(G). O

2.3 Clique extensions

For a positive integer ¢, the ¢-clique extension G is obtained from G by replacing each vertex x
by a clique X of order ¢, and by joining X completely to Y whenever x ~ y in G. If G has v vertices,
then A(GY) = J; ® (A(G) + I,,) — I1,. Consequently, if Spec(G) = {[fo]™, [61]™, ..., [6,]""}, then

Spec(GM) = {[t(6o + 1) — 1]™0 [t(0y + 1) — 1]™, ..., [t(0, + 1) — 1], [-1]E D) (1)

Thus cospectral graphs have cospectral ¢-clique extensions. Also, if G is co-edge-regular with
parameters (v, k, 1), then G is co-edge-regular with parameters (tv, tk +t — 1,tw).

Lemma 2.4. If A(G) = v, then A(G)) < v+ #{dg(z) : z € V(G)}. In particular, if G is reqular,
then A(GI1) < A(G) + 1.

Proof. There are two types of edges in GIl. If 2 ~ y in G, then for 7 € X and § € Y we have
Aot (Z,7) = tAg(z,y) + 2(t — 1): the last term comes from X \ {z} and Y \ {y}. If 7 # 7’ lie in
the same clique X, then A (Z,2') = tdg(x) +t — 2. The assertion follows. O



2.4 WQH-switching
For U C V(G) and z € V(G), write

dy(z) = |U N Neg(z)]-
We shall use the following switching theorem of Wang, Qiu and Hu [14].

Theorem 2.5 (cf. [14, Theorem 3.5]). Let I" be a graph whose vertex set is partitioned as ViUVoUW .
Assume that the following conditions hold:

(P1) [Vi| = [Val.
(P2) dy, (u) — dy,(u) = dy, (v) — dy, (v) for every u € Vi and v € Va.
(P3) Each vertex w € W satisfies one of the following:
(a) dv;(w) = [Vi] and dy,(w) = 0;
(b) dv;y(w) =0 and dy,(w) = |Va;
(c) dv;(w) = dyy(w).
For each vertex w € W satisfying (P3)(a), delete the edges from w to Vi and join w to every vertex

of Va. For each vertex w € W satisfying (P3)(b), delete the edges from w to Vo and join w to every
vertex of V1. Keep all other adjacencies unchanged. Then the resulting graph is cospectral with T'.

If Theorem 2.5 applies to I' with respect to (Vi,V2), we say that I' admits a WQH-switching
with respect to (V1, V2).

2.5 Partial linear spaces

A partial linear space is a pair & = (P, <), where P is a set of points and Z is a set of subsets
of P, called lines, such that every line contains at least two points and every two distinct points
lie on at most one line. A partial linear space (P', #’) is a subspace of (P, <) if P’ C P and

F'={LNnP:LeZ, |[LNP|>2}.

The point graph of & is the graph with vertex set P in which two distinct points are adjacent if
and only if they lie on a common line.

A partial linear space is (s,t)-regular if every point is incident with s + 1 lines and every line
contains ¢ + 1 points. An affine plane of order q, denoted by AGy, is a (¢,q — 1)-regular partial
linear space in which for every point p and every line L with p ¢ L, there exists a unique line
through p disjoint from L. A projective plane of order q, denoted by PGy, is a (g, ¢)-regular partial
linear space in which any two distinct lines meet in exactly one point. Throughout, an affine or
projective plane of order ¢ means an abstract finite plane of order ¢, not necessarily Desarguesian.
By a finite plane of order ¢ we mean either AG, or PGy.

We shall repeatedly use the following elementary consequence of regularity.

Lemma 2.6. Let & = (P, %) be a (q,[)-regular partial linear space containing the finite plane
Il = (P, %) of order q as a subspace. Then the following hold.

(i) For every line g € &, there is a unique line L(g) € & such that

L(g) NP =g.

(ii) No line of & meets Py in exactly one point.

(i) If L € & and L N Py # &, then there is a unique line g € € such that LN Py = g.



Proof. The existence in (i) follows from the definition of subspace. Uniqueness follows from the
partial linear property: two distinct lines of & cannot share two points of g.

Let p € Pr1. The g+1 lines of II through p have unique lifts to & by (i). Since § is (g, 3)-regular,
exactly ¢ + 1 lines of & pass through p. Hence these lifted lines are all the lines of & through p.
This proves (ii). Finally, if L N Py is non-empty, then by (ii) and by the definition of subspace it
is a line of II. This proves (iii). O

3 Twisted partial linear graphs

In the construction below, we shall use a (g, 3)-regular partial linear space & = (P, &) con-
taining a finite plane II = (P, €) of order ¢ as a subspace. Write

g—1, ifII=AG,,
o =
q, if 1= PG, .

Thus IT is (g, a)-regular and each line of II has a + 1 points.

Fix a line £y € ©. Let {uq,ua,...,uq} C £o.

For each a € [q], let {€o, 041,002, -, aq} e the set of the ¢+ 1 lines of IT through u,. When II
is affine, we choose the labels so that, for each fixed b € [q], the lines ¢y, 02y, ..., 4, are pairwise
parallel.

Let Ly = L(4), and for a,b € [¢] let Lo, = L(£,3) be the unique lifts in & given by Lemma 2.6.
For 1 <a < [q/2], set @ = ¢ +1 — a. For each b € [q], the pair (Lgy, L) is called a swappable
pair. Twisting this pair means replacing these two lines by

(Lap \ Lap) Ulay (2)
and
(Lap \ lap) Ulap, (3)

respectively. All other lines are kept fixed. In other words, the two lines keep their parts outside
P unchanged, while their traces inside P are exchanged, see the following illustrations.

Before After
P P
Po oy, Lap Poo oy, Lay
(2)-@3
ea,b La,b f"a,b La,b

Figure 1: Illustration of the replacements in (2)—(3) if Py is an affine plane.
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Figure 2: Illustration of the replacements in (2)—(3) if Py is a projective plane.

For 1 <i < |g/2] and 0 < j < i, define
Tij={(a,b):1<a<i, 1<b<a}uU{(i,b):1<b<j}

Also put Tpp = @. Starting from &£, twist every swappable pair indexed by T; ;. The resulting
line set is denoted by 21_] For convenience, set &, = Z. The order of the twists is irrelevant,
since different indices correspond to different pairs of line labels.
Let
Pt ={z" 1€ P}, P~ ={x" 1z € P}.

The original line set on PT is denoted by #*. For a line label L € &, let L™ be its copy in the
positive layer and let L™ be its realization in the negative layer after the twists indexed by T; ;.
Set

st =(PH,Z"), S = (P, %)

In particular,
+ Y Y - - p— -

i 4,0°

Definition 3.1 (Twisted partial linear graph). For 0 < j < i < |q/2], the twisted partial linear
graph T ; = T i(q, ) is the graph with vertex set V(I'; ;) = P™ U P~. Two distinct vertices z°
and y°, where €, € {4+, —}, are adjacent if and only if at least one of the following holds:

(1) T,y € PH;
(ii) there exists a line label L € & such that 2° € L¢ and ¢° € LY.
The graph I'g g is the untwisted graph. It is exactly the 2-clique extension of the point graph
of §.
4 Properties of twisted partial linear graphs

Let G be the point graph of &. In this section we establish the spectral and sesqui-regular
properties of the twisted partial linear graphs I'; ;.

4.1 The twisted layer
Proposition 4.1. For 0 < j <i < |q/2], the incidence structure
Sy =P Z5)

is a (q, B)-regular partial linear space containing Il as a subspace.



Proof. 1t is enough to consider a single twist, since the required assertions then follow by iteration
over the twists indexed by 7; ;. In such a twist, the two affected lines only exchange their traces
in Py, while their parts outside Py are left unchanged. Hence all line sizes and all point-degrees
are preserved: outside points have exactly the same incidences, and points in Py merely exchange
one incident lift for another. The set of traces on Py is unchanged, so II remains a subspace. It
remains to see that the partial linear property is preserved. For any two line labels, their outside
intersection is unchanged, and their trace-intersection size is also unchanged: in the projective
case any two non-empty traces meet in one point, while in the affine case each replaced trace is
replaced by a parallel one, so parallelism, and hence intersection size, is preserved. Thus the total
intersection size of any two distinct lines is the same as before the twist, and is therefore at most
one. O

4.2 Basic structural facts
Lemma 4.2. For 0 < j <i<|q/2], the following hold in T; ;.
(i) The induced subgraph on P U Pj is complete.
(ii) For every line label L € &£,
L™\ Py ={2" :x €L\ Pu}, L™ NPyl =|LNPml|.
Moreover, for any two line labels L1, Lo € &£,
|L7 N Ly | =|Li N Loy, Ly N Ly NPy | =|LiNLyN Prl.
(iii) Ifx € P\ P, then
Npm(afr) U{z™} = Nr, (z7)u{z}.
In particular,
[Nro, (2 Uda T} = 2(g + 1)B + 2.

Proof. Part (i) is immediate from Definition 3.1.

For (ii), the outside part of each line label is never changed by a twist, and every non-empty
trace is merely replaced by another line of II of the same size. It remains only to compare inter-
sections of traces. If Il is projective, any two non-empty traces meet in exactly one point before
and after the twists, while empty traces remain empty. If II is affine, a twist replaces a trace by a
parallel trace; hence parallelism, and therefore the intersection number 0 or 1, is preserved.

For (iii), let X1,...,Xg41 be the line labels of & through z. Since = ¢ Py, part (ii) gives

rT e X and 2 € X (I1<r<qg+1).

Therefore, by Definition 3.1,

g+1
NFi,j(x+)U{x+} = U Uch'r :Nri,j(xi)u{xi}'
oe{+,—}r=1

In each layer the ¢ + 1 lines through x° meet pairwise only in 7, and each has size § 4+ 1. Thus
the displayed set has size 2(1 + (g + 1)6) =2(¢+1)8+2. O

Lemma 4.3. For 0 < j <i<|q/2|, the graph I'; ; is reqular of degree 2(q¢ +1)5 + 1.

Proof. If x € P\ P, the degree follows immediately from Lemma 4.2 (iii). Now let € Pr1. The
vertex x° is adjacent to every vertex of Pﬁr U Py except itself, giving 2|P| — 1 neighbours. For
each of the g + 1 plane lines through =z, its lift contributes § — « vertices outside Ppy in each layer.
Thus

dp, ;(z°) = 2|Pu| =1+ 2(q¢+1)(8 — a).
If 11 is affine, then |Pyj| = ¢® and o = q — 1; if IT is projective, then |Py| = ¢* + ¢+ 1 and o = q.
In both cases the last expression equals 2(¢ + 1) + 1. O



4.3 Cospectrality

Proposition 4.4. Fiz 1 < i < |q/2] and 0 < j < i. Then T'; ;41 is obtained from T';; by
WQH-switching. Consequently, I'; j+1 and I'; j are cospectral.

Proof. Put r = j+ 1 and write Q= g+ 1 —i. The next twist swaps the negative traces of the line
labels L;, and L . Define

Cr=Wir\6G,)",  Co=(4,\ly)"
In both the affine and projective cases, |C1| = |Ca| = q. Let
DY = (L UL )\ (B UPy),
and define the disjoint sets
Dy=D\Dj,  Dy=Dj\Dj,
D3 =V(T;;)\ (CtUCsU Dy U D).
We verify the three hypotheses of Theorem 2.5 for

= Ch, Vo = Oy, W = D1 U Dy U Ds.

Verification of (P1). As noted above, |Ci| = |C2| = ¢. Thus (P1) holds.

Verification of (P2). By Lemma 4.2(i), the induced subgraph on P U P is complete. Hence the
induced subgraph on Cj U (s is complete. For v € Cy and v € Co,

de, (u) — dey(u) = =1 = de, (v) — de, (v),

o (P2) holds.

Verification of (P3). We first consider vertices in D;. Let 27 € Dj, where o € {+,—}. Since 27
lies on the line label L; , in its own layer, it is adjacent to every vertex of C;. We claim that it is
adjacent to no vertex of Cy. Suppose, to the contrary, that z7 is adjacent to y~ for some y~ € Cs.
Then there exists a line label M such that

27€e M?, y e M.

Since y~ € Pp, the label M has a non-empty trace in the negative layer; hence it also has a
non-empty trace in the o-layer. Let

h=M°NP5, h =M NP].

If b7 meets £; ;, then the two lines M7 and L7, both contain 27 and also meet in Pj; by partial
linearity in the o-layer, this forces M = L;,. But the pair (L;, L;T) has not yet been twisted in
I, so L;T, has trace £; », which does not contain y € ¢ \ 4. This is a contradiction.

If h? is parallel to ¢;,, which means II is affine, theil h~ is also parallel to ¢;,, because affine
twists only replace a trace by a parallel trace. Since h™ contains the point y € E;J and K;J is the
unique line through y parallel to ¢; ., we have h™ = E;’T. The negative-layer line with this trace is

uniquely L~ , since the pair currently being switched has not yet been twisted. Thus M = L ,

i,r
which implies 2 € L?r. This contradicts 27 € Dy = DY\ DY. Therefore every vertex of Dy is
adjacent to all vertices of C1 and to no vertex of Cy. By symmetry, every vertex of Dy is adjacent
to all vertices of Co and to no vertex of Cj. Thus vertices in D; satisfy (P3)(a), and vertices in
D, satisfy (P3)(b).



It remains to consider vertices in D3. Let 27 € Ds. If z € Ppy, then Lemma 4.2 (i) gives
dey (27) = q = de, (27).

Assume now that z € P\ Pj;. By Lemma 4.2 (iii), the numbers of neighbours of z* and 2~ in C
and in Cy are the same. Hence it is enough to consider z~. Let

%, ={H NPy:2 €H", [H nPg|>1}

These are the plane traces of the negative-layer lines through z~. If II is projective, then 7,
has at most one member: otherwise the corresponding two lines through z~ would then have
two common points. Moreover, this unique trace, if it exists, cannot be one of ¢;, and Kzr by
Lemma 2.6 (ii), since z~ ¢ Dy U Dy. Such a trace meets C; and C5 in equally many points. Hence
dC1( 7) = dC2( 7)'

If IT is affine, the traces in 7, are pairwise parallel. Any trace not equal to /;, or £;  contributes
equally to C7 and Cs: it contributes 0 to both if it is parallel to them, and 1 to both otherw1se If
by € ., then 2~ lies in DY; since 2~ € Ds, it also lies in DY, and therefore b= € .. The two
target traces together contribute ¢ neighbours in C; and ¢ neighbours in Cs. The same argument
applies if ¢; € #;. Thus again d¢, (27) = dc,(27). Therefore every vertex in Ds satisfies (P3)(c).
This completes the verification of (P3).

By Theorem 2.5, the corresponding WQH-switching preserves the spectrum. It remains only
to identify the switched graph. The switching changes precisely the adjacencies between C7 U Cy
and those outside vertices which lie in exactly one of the two line labels L;, and L?,rv in either
layer. Thus the WQH-switching has exactly the effect of replacing the negative trace (;, of L;,
by E;’T and the negative trace E;’T of LZ_ . by ¢; . This is precisely the twist producing I'; ;11 from
Fiyj. ]
Theorem 4.5. For every 0 < j <1i < |q/2], the graph T'; j is cospectral with the 2-clique extension
G of the point graph G of §.

Proof. The graph I'g o is the untwisted two-layer graph, which is exactly G2, The line set defining
any I'; ; is obtained from the untwisted line set by a sequence of twists ordered lexicographically by
the indices (a,b) with 1 < b < a < |g/2|. Proposition 4.4 shows that each single twist is realized
by a WQ[I]I-SWitching, and hence preserves the spectrum. Therefore every I'; ; is cospectral with
Lo = GEL O

4.4 Common-neighbour counts inside one positive layer
Fix 0 < j <i < [g/2]. For z € P define N_(2%) :={z2€ P: 2~ € N, (z7)}.
Proposition 4.6. For any distinct x,y € P, the following hold in I'; ;.
(i) If x o0y in G, then x* < y* and pr, ;(z*,y%) = 2ua(z, y).
(i) If v ~y in G, then 2t ~y* and Ap, (%, y") = 2Xq(z,y) + 2.

Proof. The positive layer is a copy of the point graph G. Therefore 27 ~ yT if and only if x ~ y
in G, and the positive-layer contribution to the number of common neighbours is |Ng(z) N Ng(y)|-
We prove that the negative-layer contribution is

IN_(z*) " N_(y")| = [Na(z) N Na(y)] + 2 Lipnyy- (4)

First suppose that z,y € Pg. Then x ~ y in G. By Lemma 4.2(i), all vertices of Py are
adjacent to both ™ and y*. Thus the contribution from Pj is |P|, whereas Ng(z) N Ng(y)
contains | Pry| — 2 vertices from Pry. Outside Ppy, the relevant line-label intersections are unchanged
by the twists, because outside parts of all line labels are unchanged. Hence (4) holds.



Next suppose that z,y € P\ Py. In the negative layer, the lines through 2~ and the lines
through y~ have the same outside parts as the corresponding original line labels. By Lemma 4.2 (ii),
their pairwise intersection sizes, including their intersections inside P, are the same as before the
twist. Thus all common neighbours other than possibly £~ and y~ are counted exactly as in G.
The vertices z~ and y~ are common neighbours of z* and y* precisely when = and y lie on a
common line of &, that is, precisely when  ~ y in G. This proves (4) in this case.

Finally suppose, without loss of generality, that z € P\ P and y € Pr;. The outside common
neighbours other than possibly £~ are again counted as in G, because outside parts of line labels
are unchanged by Lemma 4.2 (ii). The vertex ™~ is a common neighbour precisely when z ~ y in
G. For the contribution from Py, Lemma 4.2 (i) gives P € Nr, ;(y*). Hence

N_(z")NN_(y")NP; =N_(z") N Pg.

The latter set is the union of the traces in P of the negative-layer realizations of the line labels
through . By Lemma 4.2 (ii), its cardinality is equal to the corresponding untwisted cardinality.
In the original point graph, however, Ng(x) N Ng(y) N P excludes the point y, while the trace
union through z contains y exactly when z ~ y. Thus the Py contribution is larger by 1;,.,,
and together with the possible contribution of =~ this gives (4).

Adding the positive-layer contribution proves both assertions. O

Corollary 4.7. Let G~ be the point graph of the twisted partial linear space ch_J If both G and G~
are sesqui-reqular with parameter > 0 and diameter D, then I'; ; is sesqui-regular with parameter
21 and diameter at most D.

Proof. Let z¢ and 3° be two non-adjacent vertices of I'; ;. Since Pﬁr U P is a clique, we may
assume that y € P\ Py. By Lemma 4.2 (iii), pr, (z%,9°) = pr; ;(z°,y°). Hence we may assume
0 =¢.

If ¢ = +, Proposition 4.6 (i) gives ur, ;(z%,y") = 2uq(z,y) € {0,2u}. If ¢ = —, the same
argument applied to the point graph G~ of the negative layer gives ur, (27, y~) = 2ug-(z,y) €
{0,2p}. Thus I'; ; is sesqui-regular with parameter 2.

Let d® be the distance between 2 and y° in G°. There is a path 2725 ---25._,y° in G*. By
Lemma 4.2 (iii), 23._; € Np, ,(y°). Thus, there is a path of length d° from z¢ to 3°. It follows that
the diameter of I'; ; is at most D. ]

4.5 Special common-neighbour counts across the two layers

From now until the end of this section, fix 1 <i < |¢/2] and work in I'; ;. For 1 <t <14, write
f=q+1—t

Proposition 4.8. Let 1 <t <. The following estimates hold in I'; ;.
(1) 0 < Ar,,(w  u) — (2[Pal —2+2(g+1—t)(B—a)) < 2t2
(i) 0<Ar,,(uf,uz) = (2[Puf =2+ 2t +1)(8 — ) <2(g —t)*.
(iti) If w € b1\ ({w1} Ulga), then 0 < Ap,, (uf, w™) = (2|Pn| — 2) < 2(q + 1)2

Proof. By Lemma 4.2 (i), for each vertex of P U Py, adjacency inside this set is complete. Thus
each pair considered below has the baseline contribution 2|Py| — 2 from P U Py . All remaining
common neighbours lie outside PﬁL U Py

Proof of (i). The vertex u;” uses the line labels
Lo, Ltjy, Leo,y - .y Lig-
In the negative layer, after the twists indexed by T; ;, the vertex u, lies on

Lo, Ly b>1t), Ly (1<b<).
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Hence the common line labels are

LO? Lt,t+17 Lt,t+27 st 7Lt,q7

altogether ¢ + 1 — t labels. Each contributes exactly 5 — « outside points in each layer. This gives
the lower bound
2(P| —2+2(g+1—1)(8— o).

Any additional outside common neighbour must arise from the intersection, in one of the two
layers, of a label L;p with 1 < b <t and a label Ly with 1 < ¢ < t. There are t2 such pairs,
and by partial linearity each pair contributes at most one point in each layer. Thus the number of
additional common neighbours is at most 2t2.

Proof of (ii). The vertex uz lies in the negative layer on
Lo, Ly, (b>1t), Lip (1<b<t).
The common line labels with those used by u;r are therefore
Lo, L1, Ly, ..y Ly g,
altogether ¢ + 1 labels. They give the lower bound
2P| —2+2(t+ 1)(8 — a).

Any further outside common neighbour can only come from intersections, in one of the two layers,
between a label L;j with b > ¢ and a label Ly with ¢ > t. There are (¢ — t)? such pairs, and each
contributes at most one point in each layer. This proves (ii).

Proof of (iii). The baseline contribution 2|Pyf| — 2 is immediate from the clique on P;j U Py. We

show that no line label used by uf is also used by w™ in the negative layer. The labels used by
+

u] are

LO, Ll,l, L1,27 s 7L1,q-

After the twist of the pair (Lj 1, Lq1), the negative trace of L; ; is ¢4 ;. In the affine case, £1; and
41 are parallel, so w ¢ £,1. In the projective case, w was chosen outside £, ;. For b > 2, the
line ¢; ;, meets ¢1; only in uq, and w # wuy; also w ¢ ¢y. Thus none of the labels through uf has
negative trace containing w.

Consequently, every outside common neighbour of uf and w~ must arise from an intersection
of one of the ¢ + 1 labels used by u] and one of the ¢ + 1 negative-layer labels through w~. No
common label occurs, and by partial linearity each ordered pair of labels contributes at most one
point in each layer. Hence there are at most 2(q + 1)? additional common neighbours. O

4.6 The M-level

The following convenient size assumption guarantees that the special \-values are separated.

Corollary 4.9. Assume that 8 > |Pa| + (¢ + 1) If A(G) = 7, then
A(Fl’l) 2’7+22+2 fori<q/2.
Moreover, A(T'\¢/2),1q/2)) =7+ q+1.

Proof. Let Ag = {2Ag(z,y) +2: 2 ~ y in G}. By Proposition 4.6(ii), every value in Ay occurs as
a A-value in I'; ;, and |Ag| = . If z ~ y in G, then x and y lie on a unique line of &. This line
contributes 8 — 1 common neighbours. Each of the remaining ¢ lines through = meets each of the
remaining ¢ lines through y in at most one point, so

B—1<Ag(z,y) <B -1+

11



Therefore
Ao C [28,28 + 2¢%). (5)

Choose w as in Proposition 4.8(iii). Then

A, (uf,w™) < 2|Py| — 2+ 2(g+ 1) < 28,

so this value lies strictly below all values in Ag.
Put D = 3 — a. Since 8 > |P| + (¢ + 1) and « < ¢, we have

D> (qg—1)% (6)

For 1 <t <1, set
A= )\Fi,i (u;-’ Uf)» B, = )\Fi,i (u;_’ ut_)

By Proposition 4.8,
2P| —2+2(t+1)D < Ay < 2|Py| — 24 2(t + 1)D 4 2(q — t)?,

and
2P| —2+2(q+1—1)D < By <2|Py| —2+42(q+1—t)D + 22,

Using (6), these estimates imply, for i < q/2,
A1<A2<-~<AZ'<BZ‘<BZ‘_1<--'<B1.
Indeed, consecutive separations follow from the inequalities

(¢ —i)?
q—2i’

D > (q—t)?, D > t%, D >

which are all consequences of (6) in the indicated ranges. Moreover, A; > 23 + 2¢2, again by the
lower bound for A; and the hypothesis on 5. Thus all A; and B; are strictly above the interval
(5). Finally, for any y € P\ Pr1, Lemma 4.2 (iii) gives

)\Fi,i(y+7y_) = 2(61 + 1)/3’
and this is strictly larger than By. Hence, for i < ¢/2, the graph I'; ; has at least
Yl +ititl=n42i+2

distinct A-values.
Now assume that ¢ is even and i = ¢/2. The same estimates give

Al < <A1 <B;<Bj_1 <---< By,

with all these values above Ag, while Ar, , (uf,w™) is below Ag and Ar,,(y*,y™) is above By. This
gives at least
YH+1I+(E—-1)+i+l=v+q+1

distinct A-values. For odd ¢, we have [¢/2| < q/2, so the first part gives
AT \g/2)19/2)) =7 +209/2] +2=7v+q+ 1
The even case was just proved, so the final assertion follows. O
Theorem 4.10. Assume that B > |Py| + (¢ + 1)2. If A(G) = 7, then
A gs2),la72) Z 7 Ha+ L
On the other hand, the 2-clique extension G2 has \-level at most v + 1 whenever G is reqular.

Proof. The lower bound is Corollary 4.9. The upper bound for G? follows from Lemma 2.4, since
G is regular. 0
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5 Applications to co-edge-regular graphs with four eigenvalues

We now turn the abstract construction into concrete families of graphs. The two sources
are standard finite-geometric incidence structures containing the required plane subspace: nets
containing affine planes, and regular semiplanes containing projective planes. In each case, we first
record the existence input, then check that the twisted negative layer remains in the same class,
and finally apply the results of Section 4. The resulting graphs are co-edge-regular graphs with
exactly four distinct eigenvalues, smallest eigenvalue —2¢ — 1, and coherent rank at least ¢ + 4.

5.1 Nets and twisted Latin square graphs

A net #(q+ 1,n) of order n and degree ¢ + 1 is a (q,n — 1)-regular partial linear space in
which, for every point p and every line L with p ¢ L, there is a unique line through p disjoint
from L. Equivalently, such a net is the dual incidence structure associated with an orthogonal
array OA(q+ 1,n), or with a transversal design T'D(q + 1,n); see, for example, [2, Chapter X]. In
particular, a net of order ¢ and degree ¢ + 1 is an affine plane AG, of order ¢. The point graph of
such a net /(¢ + 1,n) is a Latin square graph, denoted here by LS;11(n). It is strongly regular

with parameters

2

(n*,(n—1)(g+1),q9(¢—1) +n—2,q9(q + 1)), (7)

and spectrum
Spec(LSg41(n)) = {[(n = 1)(g+ D))", [n — g — 7DD [—g — 1)(r= V=), (8)

Translating [1, Theorem 1.4] under the standard correspondence between orthogonal arrays
and transversal designs, and then passing to dual nets, gives the following form.

Proposition 5.1. Assume that there exists a net /' (q+ 1,q). Then there exists an integer N =
N(q) such that, for everyn > N, there exists a net /' (q+1,n) containing N (q+1,q) as a subspace.

The next lemma verifies that the twisting operation does not leave the class of nets. This is
the only extra point needed in order to apply the abstract construction to Latin square graphs.

Lemma 5.2. Let § be the partial linear space of a net ¥ (q+1,n) containing an affine plane AG,
as a subspace. For every 0 < j < i < |q/2], the point graph of the twisted negative layer cS’z_] 18
again a Latin square graph LSy i1(n).

Proof. Inside the affine subplane, the chosen swappable pairs are pairs of parallel affine lines, hence
their lifts lie in the same parallel class. A twist only exchanges the traces inside Py of two lines
in the same parallel class. Therefore, for every point p and every line L with p ¢ L, there is still
a unique line through p disjoint from L after the twist. Thus the twisted incidence structure is
again a net /(¢ + 1,n) of order n and degree ¢ + 1. Its point graph is therefore a Latin square
graph with the parameters in (7). O

Theorem 5.3. Fiz an integer q > 2 for which there exists an affine plane of order q. There exists
an integer N = N(q) such that, for every n > N, there is a graph TLS(q,n) with the following
properties:

(i) TLS(q,n) is cospectral with the 2-clique extension of LSqy1(n). Its spectrum is

2

{2(g+ 1)(n — 1)+ 1]', [2n — 2¢ — 1]P= D) [_9q — 1)(n=D(=a) |37},
In particular, it has exactly four distinct eigenvalues and smallest eigenvalue —2q — 1.

(ii) TLS(q,n) is co-edge-reqular with parameter p = 2q(q + 1).

(iii) A(TLS(¢q,n)) > q+ 2 and cr(T'LS(q,n)) > q + 4.

13



Proof. By Proposition 5.1, after increasing NNV if necessary, there exists a net 4 (¢+1,n) containing
AG, as a subspace. Let & be this partial linear space, and let G = LS;,1(n) be its point graph.
Here f§ =n — 1 and II = AG,,. Increase the lower bound on n, if necessary, so that 8 =n —1 >
|Pr| + (¢ + 1)%. Define

TLS(g,n) :=T\q/2),1q/2) (@7 — 1).

The number of vertices and the degree follow from Definition 3.1 and Lemma 4.3. By Theo-
rem 4.5, TLS(q,n) is cospectral with G, Applying (1) to the spectrum (8) gives the displayed
spectrum. For sufficiently large n, the four displayed eigenvalues are distinct, and the smallest one
is —2¢q — 1.

The graph G is strongly regular with non-adjacent common-neighbour parameter ¢(q + 1),
and by Lemma 5.2 the point graph of the negative layer has the same parameter. Corollary 4.7
therefore gives co-edge-regularity with parameter 2¢(q + 1). Finally, since G is strongly regular,
A(G) = 1. Theorem 4.10 gives

A(TLS(q,n)) > q+2.

The coherent-rank bound follows from Lemma 2.3. O

5.2 Regular semiplanes and twisted Steiner graphs

A regular semiplane D(q + 1,n) is a (g, ”T_l — 1)-regular partial linear space in which any
two distinct lines meet in exactly one point. Equivalently, such a regular semiplane is the dual
incidence structure associated with a Steiner system S(2,q + 1,n); see, for example, [9, Section 2]
and [2, Chapter I]. In particular, a regular semiplane @(q+1,¢%+ ¢+ 1) is a projective plane PG,
of order ¢q. The point graph of such a regular semiplane 2(q + 1,n) is a Steiner graph, denoted
here by Sy41(n). It is strongly regular with parameters

n—1

n(n-1) . _(¢+1)n-g-1)

_ 2
1) . -2, p=(¢+1), 9)

;A=

and spectrum

n—q-— Lo — 27t
Spec(Sg+1(n)) = { [(q + 1) . 1 1)} ; { ((2+ Y ] =a- 1]””} . (10)

The congruence conditions in the next result are the usual admissibility conditions for Steiner
systems with block size ¢ + 1. The embedding theorem of [4, Theorem 1.6], after passing to dual
incidence structures, gives exactly the form needed here.

Proposition 5.4. Assume that there exists a projective plane PGy of order q. Then there exists
an integer N = N(q) such that, for every n > N satisfying

n—1=0 (mod gq), nn—1)=0 (mod ¢(qg+ 1)),
there exists a reqular semiplane D(q + 1,n) containing PGy as a subspace.
We similarly need to check that twisting preserves the class of regular semiplanes.

Lemma 5.5. Let & be the partial linear space of a regular semiplane D(q + 1,n) containing a
projective plane PGy as a subspace. For every 0 < j < i < [q/2], the point graph of the twisted
negative layer S; ; is again a Steiner graph Sqi1(n).

Proof. By Proposition 4.1, the twisted layer is a partial linear space, so any two distinct lines meet
in at most one point. It remains to show that they always meet.

Consider two line labels. If at least one of them has empty trace on the projective subplane,
then their unique intersection before the twist lies outside P, and this outside intersection is
unchanged by the twist. If both labels have non-empty traces, then after the twist their traces are
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still lines of the projective plane, and hence meet in exactly one point. Thus any two distinct lines
of S§; ; meet in exactly one point.

Therefore §; ; 1s again a regular semiplane 9(q + 1,n), and its point graph is again a Steiner
graph Sg41(n). O

Theorem 5.6. Fix an integer ¢ > 2 for which there exists a projective plane of order q. There exists
an integer N = N(q) such that, for every n > N satisfyingn —1 =0 (mod q) and n(n —1) =0

(mod q(q+ 1)), there is a graph T'S(q,n) with the following properties. Let v = ZEZJ:ll)) Then:

(i) T'S(q,n) is cospectral with the 2-clique extension of Sqy1(n). Its spectrum is

n—1
{[2<q+1><n—q—1> H]l, [Qn—(qmﬂl ,[—2q—1]”"7[—1l”}-
q q

In particular, it has exactly four distinct eigenvalues and smallest eigenvalue —2q — 1.
(ii) T'S(q,n) is co-edge-regular with parameter u = 2(q + 1)2.
(i) A(T'S(¢g,n)) > q+2 and cr(T'S(g,n)) > q+ 4.

Proof. By Proposition 5.4, after increasing N if necessary, there exists a regular semiplane 9 (q +
1,n) containing PG, as a subspace. Let & be this partial linear space, and let G = S;11(n) be its
point graph. Here § = ”Tfl —1 and II = PG, . Increase the lower bound on n, if necessary, so that

B> |Pa| + (q+ 1)2. Define

n—1
TS(q,n) :==T4/2),19/2) <q, P 1) :

The number of vertices and the degree follow from the construction and Lemma 4.3. By
Theorem 4.5, T'S(¢, n) is cospectral with G2/, Applying (1) to the spectrum (10) gives the displayed
spectrum. For sufficiently large n, the four eigenvalues are distinct, and the smallest is —2¢ — 1.

The graph G is strongly regular with non-adjacent common-neighbour parameter (q+ 1), and
by Lemma 5.5 the negative layer has the same sesqui-regular parameter. Corollary 4.7 gives co-
edge-regularity with parameter 2(q+ 1)2. Finally, A(G) = 1, so Theorem 4.10 gives A(T'S(q,n)) >
q + 2, and Lemma 2.3 gives the stated coherent-rank bound. ]

Proof of Theorem 1.1. If an affine plane of order q exists, then Proposition 5.1 provides, for all suf-
ficiently large n, nets /' (¢+1,n) containing this affine plane as a subspace. Applying Theorem 5.3
gives infinitely many graphs with the claimed properties.

If a projective plane of order ¢ exists, then Proposition 5.4 provides, for all sufficiently large
admissible n, regular semiplanes (¢ + 1,n) containing this projective plane as a subspace. Apply-
ing Theorem 5.6 gives infinitely many graphs with the claimed properties. The admissible values
of n are infinite, since every sufficiently large n =1 (mod ¢(q + 1)) is admissible. O

6 Concluding remarks

Strongly regular graphs have coherent rank three, so in the three-eigenvalue regular setting spec-
tral simplicity and coherent rank coincide in the strongest possible way. The construction above
shows that this coincidence already breaks down for regular graphs with four distinct eigenvalues.
For every integer ¢ > 2 admitting a finite affine or projective plane of order ¢, the construction gives
twisted Latin square or twisted Steiner graph families that are co-edge-regular, have exactly four
distinct eigenvalues, smallest eigenvalue —2q — 1, and coherent rank at least g + 4. Thus, coherent
rank is unbounded within the class of co-edge-regular graphs with four distinct eigenvalues.

We also point out the relation with the twisted Latin square graphs of Ge and Koolen [5]. Their
construction is global and field-based: it uses a group-divisible orthogonal array together with a
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distinguished system of affine planes in ]FZ, and hence assumes that ¢ is a prime power. From
the viewpoint of the present paper, their construction can be viewed as a simultaneous version of
the same trace-exchange operation. The underlying Latin-square net contains a highly organized
family of affine subplanes of order ¢, and the twisting is performed across this whole family at
once.

There is also a methodological difference. In [5], the four-eigenvalue property is obtained by
verifying structural conditions from a combinatorial characterization of co-edge-regular graphs with
at most four distinct eigenvalues. In the present paper, the spectral argument is separated from the
structural one: each elementary trace exchange is a Wang—Qiu-Hu switching, so the spectrum is
preserved directly. Consequently, the four-eigenvalue property follows from cospectrality with the
untwisted clique extension, while the coherent-rank lower bound comes from the many adjacent-
pair common-neighbour counts created by the twists.

The present construction therefore isolates the local mechanism behind the construction of [5].
It does not use the ambient vector space Fg, but only requires the underlying partial linear space
to contain a prescribed finite plane as a subspace. Thus the prime-power assumption on ¢ is not
intrinsic to the twisting argument itself; it enters only through the existence of the required affine
or projective subplane. Moreover, the graphs constructed in [5] have A-level 3, which gives only the
lower bound 5 on their coherent rank. By contrast, our twists are arranged to produce coherent
rank at least ¢ + 4, and hence give a lower bound growing linearly with gq.

Finally, the semiplane construction gives an affirmative answer to the Steiner-graph analogue
raised in [5, Problem 34(2)]. Indeed, applying the same trace-exchange mechanism to regular
semiplanes containing projective subplanes yields the twisted Steiner graph families constructed
above.

The construction leaves several natural questions open. For instance, our lower bound on
coherent rank comes only from adjacent-pair common-neighbour counts, so it would be interesting
to determine the exact coherent ranks of these twisted graphs. It is also natural to ask whether one
can obtain unbounded coherent rank in the four-eigenvalue co-edge-regular setting while keeping
the smallest eigenvalue fixed.
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